Abstract. The main purpose of this paper is to describe various phenomena and certain constructions arising in the process of studying derived noncommutative schemes. Derived noncommutative schemes are defined as differential graded categories of a special type. We review and discuss different properties of both noncommutative schemes and morphisms between them. In addition, the concept of geometric realization for derived noncommutative scheme is introduced and problems of existence and construction of such realizations are discussed. We also study the construction of gluing noncommutative schemes via morphisms and consider some new phenomena, such as phantoms, quasi-phantoms, and Krull-Schmidt partners, arising in the world of noncommutative schemes and allowing us to find new noncommutative schemes. In the last sections we consider noncommutative schemes that are related to basic finite dimensional algebras. It is proved that such noncommutative schemes have special geometric realizations under which the algebra goes to a vector bundle on a smooth projective scheme. Such realizations are constructed in two steps, one of which is the well-known construction of Auslander, while the second step is connected with a new concept of a well-formed quasi-hereditary algebra for which there are very particular geometric realizations sending standard modules to line bundles.
Introduction
Noncommutative algebraic geometry is based on the fact that, as in commutative geometry affine schemes are directly related to rings or algebras over a field. And in spite of the fact that in contrast to the commutative case for a non-commutative algebra A we do not have any construction of the topological space Spec A, we can nevertheless freely speak about the category of quasi-coherent sheaves on an affine noncommutative scheme having in view the category of (right) modules Mod-A over the algebra A. This observation is a serious reason in order to shift the focus from varieties (or schemes) and to go directly to the categories of sheaves on these varieties (schemes), making these categories the main object of research. This is in many ways natural also because the theory of sheaves is one of the most powerful methods of studying algebraic varieties. In addition, it should be noted that quasi-coherent sheaves do not depend on a choice of topology on schemes, being sheaves in all natural topologies, and they best reflect the algebraic structure of schemes.
To the next question, which is already quite nontrivial, how to glue noncommutative affine schemes, there are several different approaches. However, the most fruitful here is again the point of view related to the consideration of the category of sheaves, but with some natural generalizations dictated by homological algebra. This approach consists in working in fact with the derived category of quasicoherent sheaves and with the category of perfect complexes on a noncommutative scheme, when we talk about such a noncommutative scheme. It is natural to begin a more detailed consideration by returning to commutative algebraic geometry.
Consider a scheme X over a field k and put on it some finiteness conditions. We will assume that X is quasi-compact and quasi-separated, i.e. it has a covering by affine schemes whose intersections have the same property. With any such scheme we associate the unbounded derived category of complexes of O X -modules with quasi-coherent cohomology D Qcoh pXq. In the papers [N1] and [BV] it was shown that this category has enough compact objects and the triangulated subcategory of compact objects actually coincides with the category of perfect complexes Perf -X. It should be recalled that a complex is called perfect if it is locally quasi-isomorphic to a bounded complex of locally free sheaves of finite type. In addition, it has also been shown in the papers [N1, BV] that the category of perfect complexes Perf -X can be generated by a single object, which is called a classic generator. This means that the minimal full triangulated subcategory of Perf -X containing this object and closed under taking direct summands, coincides with the whole category Perf -X. Such an object will also be a compact generator for the category D Qcoh pXq. Note that the article [N1] was dealing with separated schemes, for which the category D Qcoh pXq is equivalent to the usual unbounded derived category of quasi-coherent sheaves DpQcoh Xq, while in the paper [BV] these statements were proved in the general case of a quasi-compact and quasi-separated scheme.
The existence of such a generator E P Perf -X gives us an opportunity to look at the derived category D Qcoh pXq, as well as the triangulated category Perf -X, from a different angle. The results of the papers [K1, K2] allow us to assert that in this situation the category D Qcoh pXq is equivalent to the unbounded derived category of differential graded (DG) modules DpRq over some differential graded (DG) algebra R, and the triangulated category of perfect complexes Perf -X is equivalent to the category of perfect DG modules Perf -R. The differential graded algebra R directly depends on the choice of the generator E P Perf -X and is obtained as the DG algebra of endomorphisms EndpEq of the given generator, but not as an object of category Perf -X, but as its lift to a differential graded category Perf -X, which is a natural enhancement of the category Perf -X. In particular, this means that the category Perf -X is equivalent to the homotopy category H 0 pPerf -Xq. A differential graded (DG) category A is a category whose morphisms have the structure of complexes of k -vector spaces. Passing from the complexes to their zero cohomology spaces we obtain a k -linear category H 0 pA q with the same objects, which is called the homotopy category for DG category A . If there is an equivalence ǫ : H 0 pA q " Ñ T , then pA , ǫq is called a DG enhancement for the category T .
Usually triangulated categories have natural enhancements arising in the process of constructing these categories. In our case, the triangulated category D Qcoh pXq has several natural enhancements:
DG category of h -injective complexes, DG quotient of all complexes by acyclic complexes, DG quotient of h -flat complexes by acyclic h -flat complexes and so on. All these enhancements are also in a natural way quasi-equivalent to each other, and when working with them, we can choose any convenient for us model from the class of quasi-equivalent DG categories. A DG enhancement of the category D Qcoh pXq induces a DG enhancement of the triangulated subcategory of perfect complexes Perf -X, which will be denoted by Perf -X.
The results of the papers [N1, BV, K1, K2] mentioned above, combined together, tell us that the DG category Perf -X is quasi-equivalent to a category of the form Perf -R, where R is the DG algebra of endomorphisms of some generator E P Perf -X. We can also note that in the case of quasi-compact and quasi-separated scheme, the DG algebra R is cohomologically bounded, i.e. it has only a finite number of nontrivial cohomology spaces. Thus, the following definition of a derived noncommutative scheme over the field k arises (see. Definition 2.1). By a derived noncommutative scheme X we shall call a k -linear DG category of the form Perf -R, where R is cohomologically bounded DG algebra over k. It is natural to call the derived category DpRq by the derived category of quasi-coherent sheaves on this noncommutative scheme, while the triangulated category Perf -R will be called by the category of perfect complexes on X . It was mentioned above that there is an equivalence of the triangulated categories H 0 pPerf -Rq -Perf -R.
Note also that, having considered the DG categories of the from Perf -R, we not only were able to glue noncommutative scheme from affine pieces, but also in fact received derived noncommutative affine schemes as well by passing from algebras to DG algebras. Thus, this definition allows us to talk not only about noncommutative schemes, but also about derived noncommutative schemes together.
Many important properties of usual schemes can be extended to derived noncommutative schemes.
In particular, we can talk about smoothness, regularity and properness for noncommutative schemes.
We can also define morphisms between schemes as quasi-functors between DG categories. Despite the fact that the usual morphisms between schemes are also morphisms between them in noncommutative sense, it should be noted that there are much more morphisms in the noncommutative world and they form a category (and even a DG category). This implies that they can be added together and one can talk about maps between morphisms. Many natural concepts from usual commutative algebraic geometry also generilize to noncommutative schemes: the concepts of compactification, resolution of singularities, Serre functor are defined.
In this paper we discuss some properties of derived noncommutative schemes and draw various analogies with the commutative case. However, one of the important concepts, to which a large part of the article is devoted, a gluing of noncommutative schemes is an operation existing in the noncommutative world and having no analogue in the commutative one. Another important concept is the geometric realization of derived noncommutative schemes. It arises naturally for two reasons.
First, for each abstract algebraic structure it is always useful and interesting to find some geometric representations. On the other hand, many noncommutative schemes come to us from usual geometry with a given geometric realization.
The most natural and often appearing but highly nontrivial examples of geometric realizations are related to admissible subcategories N Ă Perf -X in categories of perfect complexes on smooth projective schemes X. In this case, we obtain a noncommutative scheme as the DG category N Ă Perf -X. It is easy to see that such a DG category can be realized in the form Perf -R and, moreover, the noncommutative scheme N itself is smooth and proper. The initial embedding N Ă Perf -X is a particular but most interesting case of a geometric realization of smooth and proper noncommutative schemes (see Definition 2.17). Such realizations are called pure.
As mentioned above, for any two DG categories A and B and a B˝-A -bimodule T we can define a new DG category C " A i In paper [O6] we study the problem of geometric realizations of noncommutative schemes that are obtained by gluing smooth and proper noncommutative schemes X and Y . In particular, it was proved that if noncommutative schemes X and Y arise as admissible subcategories in categories of perfect complexes on smooth projective schemes, then their gluing X i T Y via a perfect bimodule T can be realized in the same way. This problem is discussed in detail in sections 3.2-3.4.
Derived noncommutative schemes may be quite different from commutative schemes in general even when they are smooth and proper. In section 3.5, a phenomenon such as quasi-phantoms and phantoms is discussed. Without going into details, we can say that phantoms are such smooth and proper noncommutative schemes X , for which K-theory K˚pX q is completely trivial. Moreover, we also assume that a phantom noncommutative scheme has a geometric realization in the form of an admissible subcategory in the category of perfect complexes on a smooth projective scheme. In the paper [GO] it was proved that phantoms exist and the procedure of their construction, connected with the product of surfaces of the general type with p g " q " 0, was described. In the paper [BGKS] one of the phantoms was constructed as an admissible subcategory in the category of perfect complexes on the Barlow surface. In the next section 3.6 we discuss the so-called Krull-Schmidt partners, which were introduced in the paper [O8] . These are smooth and proper noncommutative schemes X and X 1 , for which there exists a smooth proper noncommutative scheme Y with the condition that some gluings X i T Y and X 1 i Y are isomorphic to each other. In particular, we give a new procedure for constructing smooth and proper noncommutative schemes that are Krull-Schmidt partners for usual schemes and have the same additive invariants.
The last two sections are devoted to the study of geometric realizations for finite dimensional algebras. Any finite dimensional algebra Λ gives a noncommutative scheme V " Perf -Λ that is proper. In the paper [O6] it was proved that for any such noncommutative scheme V under the condition that the semisimple part Λ " Λ{r is separable over the field k, one can find a geometric realization Perf -Λ Ñ Perf -X, for which the scheme X is smooth and projective. There was also given an explicit construction of such a geometric realization. On the other hand, in this case of special interest are such geometric realizations for which the image of the algebra Λ is not an arbitrary perfect complex, but some vector bundle on a scheme X. This problem can be reformulated as follows: for an arbitrary finite dimensional algebra Λ, find and construct a smooth projective scheme X and a vector bundle E on it such that End X pEq -Λ and Ext j X pE, Eq " 0 for all j ą 0. In the last section such construction is suggested for an arbitrary basic algebra, i.e. for an algebra Λ, the semisimple part Λ " Λ{r of which is the product of the base field kˆ¨¨¨ˆk looooomooooon m . If the field k is algebraically closed, then this result implies a positive answer for any finite dimensional algebra.
The construction of a smooth projective scheme X and a vector bundle E takes place in two steps and uses the theory of quasi-hereditary algebras. In the section 4 a new concept of well-formed quasi-hereditary algebra is introduced, and for such algebras we construct very special geometric realizations that send standard modules to line bundles. This construction is a generalization of the construction for quiver algebras described in the paper [O7] . Applying this new procedure to the algebra Γ that is obtained from a basic finite dimensional algebra Λ by the Auslander construction, we obtain a geometric realization for the algebra Λ such that Λ goes to a vector bundle E on a smooth projective scheme X. We also note that the scheme X is a tower of projective bundles, and the rank of the bundle E is exactly equal to the dimension of the algebra Λ.
The author is very grateful to Anton Fonarev, Alexander Kuznetsov, and Amnon Neeman for useful discussions and valuable comments.
1. Preliminaries on triangulated and differential graded categories 1.1. Triangulated categories, generators, and semi-orthogonal decompositions. Let T be a triangulated category. We say that a set of objects S Ă T classically generates the triangulated category T if the smallest full triangulated subcategory of T containing S and closed under taking direct summands coincides with the whole category T . If the set S consists of a single object E P T , then E is called a classical generator for T .
A classical generator will be called strong if it generates the whole triangulated category T in a finite number of steps (see, e.g. [BV] ). To define it precisely, we introduce a multiplication on the set of strictly full subcategories. Let I 1 and I 2 be two full subcategories of T . Denote by I 1˚I2 the full subcategory of T consisting of all objects X such that there is a distinguished triangle X 1 Ñ X Ñ X 2 with X i P I i . For any subcategory I Ă T denote by xIy the smallest full subcategory of T containing I and closed under taking finite direct sums, direct summands and shifts. Now we can define a new multiplication on the set of strictly full subcategories closed under finite direct sums. Put I 1˛I2 " xI 1˚I2 y and define by induction xIy k " xIy k´1˛x Iy 1 , where xIy 1 " xIy. If I consists of a single object E, we denote xIy by xEy 1 and put by induction xEy k " xEy k´1˛x Ey 1 . Definition 1.1. An object E will be called a strong generator if xEy n " T for some n P N.
Note that E is a classical generator if and only if Ť kPZ xEy k " T . It is evident that if a triangulated category T has a strong generator then any classical generator of T is strong too, i.e. the existence of a strong generator is a property of a triangulated category (see [O5] ). Definition 1.2. A triangulated category T will be called regular if it has a strong generator.
Following [Ro] , we introduce a notion of dimension for a regular triangulated category T as the smallest integer d ě 0 such that there exists an object E P T for which xEy d`1 " T .
Now we recall the notion of a compact object. An object E of a triangulated category T is called compact (in T ) if the functor Hom T pE,´q commutes with arbitrary existing in T direct sums (coproducts), i.e. for each family of objects tX i u Ă T , for which À i X i exists, the canonical map À i HompE, X i qÑ HompE,
Compact objects form a full triangulated subcategory of T which is usually denoted as T c Ă T .
Let T be a triangulated category that admits arbitrary (small) direct sums. A full triangulated subcategory L Ď T which is closed under taking all direct sums is called a localizing subcategory.
This means that the inclusion functor preserves direct sums. Note that L is also closed under taking direct summands (see [N1] ).
A set S Ă T c is called a set of compact generators if the smallest localizing subcategory containing the set S coincides with the whole category T . This property is equivalent to the following: for an object X P T , we have X -0 if HompY, Xrnsq " 0 for all Y P S and all n P Z.
Let T be a triangulated category with small Hom-sets, i.e Hom between any two objects should be a set. Assume that T admits arbitrary direct sums and let L Ă T be a localizing triangulated subcategory. We can consider the Verdier quotient T {L with a natural localization map π : T Ñ T {L. It is known that the category T {L also has arbitrary direct sums and, moreover, the functor π preserves direct sums (see [N2, 3.2.11] ).
Notice however that Hom-sets in T {L need not be small. Assume that the Verdier quotient T {L is a category with small Hom-sets. If the triangulated category T has a set of compact generators then the Brown representability theorem holds for T and the quotient functor π : T Ñ T {L has a right adjoint µ : T {L Ñ T (see [N2, 8.4.5] ). This adjoint is called the Bousfield localization functor.
Let j : N ãÑ T be a full embedding of triangulated categories. The subcategory N is called right admissible (resp. left admissible) if there is a right (resp. left) adjoint q : T Ñ N to the embedding functor j : N ãÑ T . The subcategory N is called admissible if it is both right and left admissible.
The right orthogonal (resp. left orthogonal) to the subcategory N Ă T is the full subcategory N K Ă T (resp. K N ) consisting of all objects M such that HompN, M q " 0 (resp. HompM, N q " 0 ) for any N P N . It is clear that the subcategories N K and K N are triangulated subcategories. Definition 1.3. A semi-orthogonal decomposition of a triangulated category T is a sequence of full triangulated subcategories N 1 , . . . , N n in T such that there is an increasing filtration 0 " T 0 Ă T 1 Ă¨¨¨Ă T n " T by left admissible subcategories for which the left orthogonals K T r´1 in T r coincide with N r for all 1 ď r ď n. We write T " xN 1 , . . . , N n y .
In some cases one can hope that T has a semi-orthogonal decomposition T " xN 1 , . . . , N n y in which each N r is as simple as possible, i.e. each of them is equivalent to the bounded derived category of finite-dimensional vector spaces.
From now we will assume that T is a k -linear triangulated category, where k is an arbitrary base field. Definition 1.4. An object E of a k -linear triangulated category T is called exceptional if HompE, Ermsq " 0 whenever m ‰ 0, and HompE, Eq -k. An exceptional collection in T is a sequence of exceptional objects σ " pE 1 , . . . , E n q satisfying the semi-orthogonality condition
If a triangulated category T has an exceptional collection σ " pE 1 , . . . , E n q that generates the whole of T , then this collection is called full. In this case T has a semi-orthogonal decomposition with N r " xE r y. Since E r is exceptional, each of these categories is equivalent to the bounded derived category of finite dimensional k -vector spaces. In this case we write T " xE 1 , . . . , E n y.
Recall now the notion of a proper triangulated category. Definition 1.5. We say that a k -linear triangulated category T is proper if the vector space À mPZ HompX, Y rmsq is finite-dimensional for any pair of objects X, Y P T .
Proper and regular triangulated categories have good properties. In particular, they are saturated and admissible if they are idempotent complete. Recall that T is idempotent complete if kernels of all projectors p : X Ñ X, p 2 " p exist as objects of T . A triangulated category satisfying such property of representability is called right saturated in [BK1, BV] . It is proved [BK1, 2.6 ] that if a right saturated triangulated category T is a full subcategory in a proper triangulated category, then it is right admissible there. By Theorem 1.6 a regular and proper idempotent complete triangulated category is right saturated. Since the opposite category is also regular and proper, it is left saturated as well. Thus, we obtain the following proposition.
Proposition 1.7. Let N Ă T be a full triangulated subcategory in a proper triangulated category T . Assume that N is regular and idempotent complete. Then N is admissible in T .
Recall now the definition of a Serre functor [BK1, BO1, BO2] . Let T be a proper k -linear triangulated category. A k -linear autoequivalence S : T Ñ T is called a Serre functor if there exists an isomorphism of bifunctors
where V˚is the dual vector space for a space V. If such a functor exists it is exact and unique up to a natural isomorphism (see [BK1] ). In the paper [BK1] it was proved that any saturated triangulated category T has a Serre functor. Taking into account Theorem 1.6, we obtain the following proposition.
Proposition 1.8. Let T be a regular and proper k -linear triangulated category that is idempotent complete. Then it has a Serre functor.
1.2. Differential graded categories. In this section we recall some facts on differential graded (DG) categories. The main references are [K1, K2, Dr, LO] . Let k be a field and let C be a k -linear differential graded (DG) category. This means that the morphism spaces Hom C pX, Yq are complexes of k -vector spaces (DG k -modules) and for any X, Y, Z P Ob C the composition HompY, Zq b HompX, Yq Ñ HompX, Zq is a morphism of DG k -modules.
For any DG category C we denote by H 0 pC q its homotopy category. The homotopy category H 0 pC q has the same objects as the DG category C , and its morphisms are defined by taking the 0 -th cohomology H 0 pHom C pX, Yqq of the complex Hom C pX, Yq.
As usual, a DG functor F : A Ñ B is given by a map F : ObpA q Ñ ObpBq and by morphisms of DG k -modules Ñ B (see [K2, T2] ).
Let A be a small k -linear DG category. A (right) DG A -module is a DG functor M :
A˝Ñ Mod -k, where Mod -k is the DG category of complexes of k -vector spaces and A˝is the opposite DG category. We denote by Mod -A the DG category of right DG A -modules.
Let Ac-A be the full DG subcategory of Mod -A consisting of all acyclic DG modules, i.e. DG modules M for which the complex of vector spaces MpXq has trivial cohomology for all X P A . The homotopy category H 0 pMod -A q has a natural structure of triangulated category and H 0 pAc-A q forms a localizing triangulated subcategory in it.
Definition 1.9. The derived category DpA q (of DG A -modules) is defined as the Verdier quotient
Any object Y P A defines a representable right DG module h Y A p´q :" Hom A p´, Yq. This gives the Yoneda DG functor h ‚ : A Ñ Mod -A that is a full embedding. A DG module is called free if it is isomorphic to a direct sum of DG modules of the form h Y rms. A DG module P is called semi-free if it has a filtration 0 " Φ 0 Ă Φ 1 Ă ... " P with free quotients Φ i`1 {Φ i . The full DG subcategory of semi-free DG modules is denoted by SF -A .
It is also natural to consider the category of h-projective DG modules. A DG A -module P is called h-projective (homotopically projective) if Hom H 0 pMod -A q pP, Nq " 0 for every acyclic DG module N. (Dually, we can define h-injective DG modules.) Let PpA q Ă Mod -A denote the full DG subcategory of h-projective objects. It can be easily checked that a semi-free DG-module is h-projective and the natural embedding SF -A ãÑ PpA q is a quasiequivalence. Moreover, for any DG A -module M there is a quasi-isomorphism pM Ñ M such that pM is a semi-free DG A -module (see [K1, Hi, Dr] ). Hence, the canonical DG functors
Ñ DpA q of triangulated categories. Dually, it can be shown that for any DG A -module M there is a quasiisomorphism M Ñ iM such that iM is h-injective (see [K1] ).
We denote by SF f g -A Ă SF -A the full DG subcategory of finitely generated semi-free DG modules, i.e. Φ n " P for some n and Φ i`1 {Φ i is a finite direct sum of DG modules of the form h Y rms for any i. Definition 1.10. The DG category of perfect DG modules Perf -A is the full DG subcategory of SF -A consisting of all DG modules that are isomorphic to direct summands of objects from SF f g -A in the homotopy category H 0 pSF -A q.
Denote by Perf -A the homotopy category H 0 pPerf -A q. It is triangulated and it is equivalent to the subcategory of compact objects DpA q c Ă DpA q (see [N1, K2] ).
To any DG category A we can associate a DG category A pre-tr that is called the pretriangulated hull and a canonical fully faithful DG functor A ãÑ A pre-tr (see [BK2, K2] ). The idea of the definition of A pre-tr is to add to A all shifts, all cones, cones of morphisms between cones and etc. There is a canonical fully faithful DG functor (the Yoneda embedding) A pre-tr Ñ Mod -A , and under this embedding A pre-tr is equivalent to the DG category of finitely generated semi-free DG modules SF f g -A . If A is small, then the pretriangulated hull A pre-tr is also small, and in some sense it is a small version for the essentially small DG category SF f g -A .
A DG category A is called pretriangulated if the canonical DG functor A Ñ A pre-tr is a quasi-equivalence. This property is equivalent to requiring that the homotopy category H 0 pA q is triangulated as a subcategory of H 0 pMod -A q. The DG category A pre-tr is always pretriangulated, so H 0 pA pre-tr q is a triangulated category. If A is pretriangulated and H 0 pA q is idempotent complete, then the Yoneda functor h ‚ : A Ñ Perf -A is a quasi-equivalence and, hence, the induced exact functor h : H 0 pA q Ñ Perf -A is an equivalence of triangulated categories. Definition 1.11. Let T be a triangulated category. An enhancement of T is a pair pA , εq, where A is a pretriangulated DG category and ε : H 0 pA q " Ñ T is an equivalence of triangulated categories.
Thus, the DG category SF -A of semi-free DG modules is an enhancement of the derived category DpA q while the DG category Perf -A of perfect DG modules is an enhancement of the triangulated category Perf -A . The restriction functor F˚has left and right adjoint functors F˚, F ! that are defined as follows:
where Mod -A Ñ Mod -B admits a right adjoint Hom B pT,´q. These functors do not respect quasiisomorphisms in general, but applying them to h-projective (h-injective) DG modules we obtain an adjoint pair of derived functors p´q L b A T and R Hom B pT,´q between the derived categories DpA q and DpBq (see [K1, K2] ).
It is evident that the categories DpA q and Perf -A are invariant under quasi-equivalences of DG categories. Moreover, if a DG functor F : A Ñ B is a quasi-equivalence, then the functors F˚: Perf -A ÝÑ Perf -B and F˚: SF -A ÝÑ SF -B are quasi-equivalences too.
Furthermore, we have the following proposition that is essentially equivalent to Lemma 4.2 in [K1] (see also [LO, Prop. 1.15] Perf -A Ñ Perf -B (resp. F˚: SF -A Ñ SF -B ) be the extension DG functor. Then the derived functor LF˚: Perf -A Ñ Perf -B (resp. LF˚: DpA q Ñ DpBq ) is fully faithful.
If, in addition, the category Perf -B is classically generated by Ob A , then LF˚is an equivalence and the DG functor F˚: Perf -A Ñ Perf -B (resp. F˚: SF -A Ñ SF -B ) is a quasi-equivalence. Remark 1.13. Applying this proposition to the case B " Perf -A we obtain quasi-equivalences
Ñ SF -B that induce an equivalence between the derived categories DpA q and DpPerf -A q.
On the other hand, we can also consider the restriction DG functor F˚: Mod -B ÝÑ Mod -A and the induced derived functor F˚: DpBq Ñ DpA q. The functor F˚is right adjoint to the derived functor LF˚: DpA q Ñ DpBq. The composition of DG functor F˚with the Yoneda DG functor h ‚ B gives a DG functor B Ñ Mod -A and a homotopy functor H 0 pBq Ñ DpA q. As result we obtain the following proposition, a proof of which can be found in [LO] . Proposition 1.14. Let F : A ãÑ B be a full embedding of DG categories. Assume that Ob A forms a set of compact generators of DpBq. Then the derived functor F˚: DpBq Ñ DpA q is an equivalence. If, in addition, B is pretriangulated and the homotopy category H 0 pBq is idempotent complete, then the derived functor F˚induces an equivalence between H 0 pBq and the triangulated category Perf -A , and the DG categories B and Perf -A are quasi-equivalent.
Let A and B be two small DG categories. Since we consider DG categories up to quasiequivalence, it is natural to consider morphisms from A to B as roofs A " Ð A cof ÑB, where
Ð A cof is a cofibrant replacement (see, e.g. [K2] ). These sets of morphisms are much better described in term of quasi-functors. It is known that the morphisms from A to B in the localization of the category of all small DG k -linear categories with respect to the quasi-equivalences are in a natural bijection with the isomorphism classes of ReppA , Bq (see [To] 
The DG category of all quasi-functors ReppA , Bq can be also described as RHompA , Bq, where RHom is an internal Hom-functor in the localization of the category of all small DG k -linear categories with respect to quasi-equivalences (see [To] ).
2. Derived noncommutative schemes, their properties, and geometric realizations 2.1. Derived noncommutative schemes and their properties. Let X be a quasi-compact and quasi-separated scheme over a field k. Let Qcoh X denote the abelian category of quasi-coherent sheaves on X. To any such scheme one can associate the derived category of O X -modules with quasi-coherent cohomology D Qcoh pXq. It admits arbitrary direct sums. It is also known and proved in [N1, BV] that the subcategory of compact objects in this category coincides with the subcategory of perfect complexes Perf -X . Recall that a complex of O X -modules on a scheme is called perfect if it is locally quasi-isomorphic to a bounded complex of locally free sheaves of finite type.
In [N1, BV] it was proved that the category Perf -X admits a classical generator. Let us take such a generator R as an object of the DG category Perf -X. Denote by R its DG algebra of endomorphisms, i.e. R " HompR, Rq. Proposition 1.12 implies that the DG category Perf -X is quasi-equivalent to Perf -R. In this case, as a corollary, we also obtain an equivalence between derived categories DpRq " Ñ D Qcoh pXq and the triangulated categories Perf -R Ñ Perf -X. Since R is a perfect complex, the DG algebra R has only finitely many nontrivial cohomology groups.
This fact allows us to suggest a definition of a derived noncommutative scheme over k.
Definition 2.1. A derived noncommutative scheme X over a field k is a k -linear DG category of the form Perf -R, where R is a cohomologically bounded DG algebra over k. The derived category DpRq is called the derived category of quasi-coherent sheaves on this noncommutative scheme while the triangulated category Perf -R is called the category of perfect complexes on it.
Henceforth, for shortness, we will sometimes omit the adjective "derived" sometimes and we will refer to such object "noncommutative scheme".
For any noncommutative scheme X we have the opposite noncommutative scheme X˝that is the DG category Perf -R˝, where R˝is the opposite DG algebra. We can also define the tensor product X b k Y of noncommutative schemes X " Perf -R and X " Perf -S as the derived
Let us consider and discuss some natural properties of noncommutative schemes.
Definition 2.2. A noncommutative scheme X " Perf -R will be called proper if the triangulated category Perf -R is proper, i.e. the k -vector spaces
This property can be described in terms of the DG algebra R. It can be checked that the noncommutative scheme Perf -R is proper if and only if the cohomology algebra À pPZ H p pRq is finite dimensional. It can be shown that Definition 2.2 is consistent with the usual concept of a proper scheme.
Proposition 2.3. [O6, Prop 3.30 ] Let X be a separated scheme of finite type over a field k. Then X is proper if and only if the category of perfect complexes Perf -X is proper.
Another fundamental property of usual commutative schemes that can be extended to noncommutative schemes is regularity. Definition 2.4. A noncommutative scheme X " Perf -R is called regular if the triangulated category Perf -R is regular, i.e. it has a strong generator.
It was proved in [N3] that for a quasi-compact and separated scheme X the triangulated category Perf -X is regular if and only if X can be covered by open affine subschemes SpecpR i q, where each R i has finite global dimension. There is also a short proof of this fact for a separated noetherian scheme over k of finite Krull dimension with noetherian square Xˆk X (see [O6, Th.3.27] ).
Regularity of a scheme is closely related to another important property that is called smoothness.
However, smoothness depends on the base field k. A small k -linear DG category A is called k -smooth if it is perfect as a DG bimodule, i.e. as a DG module over A˝b k A (see [KS] ). Thus, we obtain a definition of smoothness for noncommutative schemes: Definition 2.5. A noncommutative scheme X " Perf -R is called k -smooth if the the DG category Perf -R is k -smooth, i.e it is perfect as a DG bimodule.
Smoothness is invariant under Morita equivalence [LS1] . This means that if DpA q and DpBq are equivalent through a functor of the form p´q
A is smooth if and only if B is smooth. Thus, the DG category Perf -R is smooth if and only if R is smooth. It is proved in [Lu] that a smooth DG category A is regular. Thus, a smooth noncommutative scheme is also regular.
A usual commutative scheme X over a field k is called smooth if it is of finite type and the scheme s X " X b k s k is regular, where s k is an algebraic closure of k. It is proved in [Lu] that a separated scheme X of finite type is smooth if and only if the DG category Perf -X is smooth (see also [LS2, O6] ). Thus, we have defined and can talk about smooth, regular and proper noncommutative schemes.
For any two derived noncommutative schemes X and Y we can consider the tensor product
If both X and Y are proper, then X b k Y is also proper. It can be also shown that the tensor product X b k Y is smooth when X and Y are smooth. However, the tensor product of regular schemes is not necessarily regular even for usual commutative schemes.
Morphisms of derived noncommutative schemes. Let X " Perf -R and Y "
Perf -S be two derived noncommutative schemes over an arbitrary field k.
Definition 2.6. A morphism f : X Ñ Y of noncommutative schemes is a quasi-functor F :
With any usual morphism f : X Ñ Y of commutative schemes X and Y one can associate the inverse image functor f˚: Perf -Y Ñ Perf -X. Therefore, any morphism between commutative schemes induces a morphism between the corresponding noncommutative schemes. Meanwile, in the derived noncommutative world we have a lot of additional morphisms between commutative schemes because there are many other quasi-functors between DG categories of perfect complexes.
Let X " Perf -R and Y " Perf -S be two noncommutative schemes and let f : X Ñ Y be a morphism, i.e. a quasi-functor F : Perf -S Ñ Perf -R. Any such morphism induces derived functors Lf˚:" LF˚: DpS q ÝÑ DpRq and Rf˚:" RF˚: DpRq ÝÑ DpS q that are defined for any quasi-functor F in (2) and will be called the inverse image and the direct image functors, respectively. We also have the functor f ! :" RF ! that is right adjoint to Rf˚.
The inverse image functor Lf˚sends perfect modules to perfect modules, and its restriction to
Perf -S is isomorphic to the homotopy functor H 0 pFq : Perf -S Ñ Perf -R. The direct image functor Rf˚: DpRq Ñ DpS q commutes with arbitrary direct sums.
The most important morphisms for us are those for which the inverse image functor Lf˚is fully faithful.
Definition 2.7. A morphism f : X Ñ Y of noncommutative schemes is called an ff-morphism (fully faithful morphism) if the inverse image functor Lf˚is fully faithful.
Note that the functor Lf˚: DpS q Ñ DpRq is fully faithful if and only if its restriction Lf˚:
Perf -S Ñ Perf -R is fully faithful (see, e.g., Proposition 1.12 and Remark 1.13). Furthermore, for any ff-morphism f : X Ñ Y the functor f ! : DpS q Ñ DpRq is fully faithful too, because the composition functor Rf˚f ! is right adjoint to Rf˚Lf˚-id.
It is easy to see that by projection formula a morphism f : X Ñ Y between usual commutative schemes is an ff-morphism if and only if the direct image Rf˚O X is isomorphic to O Y . Only in this case the inverse image functor Lf˚: D Qcoh pY q Ñ D Qcoh pXq is fully faithful.
Another class of morphisms that can be extended to derived noncommutative schemes is the so called perfect proper morphisms. This also means that the inverse image functor Lf˚as a functor from Perf -S to Perf -R has a right adjoint Rf˚: Perf -R Ñ Perf -S . As a consequence, the right adjoint to the corresponding
Thus, in this case we obtain a morphism g : Y Ñ X that can be called a "right adjoint" morphism to the morphism f. If a morphism f is an ff-morphism and a pp-morphism simultaneously, we obtain an isomorphism of morphisms f¨g -id Y .
Perfect morphisms of schemes were defined in [SGA6, III] as pseudo-coherent morphisms of locally finite Tor-dimension. For a locally noetherian scheme Y a pseudo-coherent morphism f : X Ñ Y is the same as a morphism locally of finite type and in this case if f is perfect and proper then the direct image functor Rf˚sends perfect complexes on X to perfect complexes on Y (see [SGA6, III] and [TT, 2.5.5 
]).
We can also define other types of morphisms. For example, we can say that a morphism f :
the image of perfect modules Perf -S under the inverse image functor
Lf˚classically generate the category Perf -R. Taking into account Proposition 1.12 we see that a quasi-affine ff-morphism f : X Ñ Y induces an equivalence Lf˚: Perf -S Ñ Perf -R and a quasi-equivalence between the DG categories Perf -S and Perf -R. Hence, we conclude that the noncommutative schemes X and Y are isomorphic in this case.
In commutative situation smooth projective varieties X and Y that have equivalent triangulated categories Perf -X and Perf -Y are called Fourier-Mukai partners. Since any equivalence is represented by an object on the product [O2, LO] , the DG categories Perf -X and Perf -Y are quasi-equivalent, and Fourier-Mukai partners determine the same derived noncommutative scheme.
The most famous example due to S. Mukai [Mu] and is given by an abelian variety A and the dual abelian variety p A (see also [O3, O4] ).
One can introduce the triangulated category of cohomologically bounded pseudo-coherent complexes on X and denote it by D b pcoh X q, because it is equivalent to a bounded derived category of coherent sheaves on a noetherian scheme in the commutative case. At first, let us consider the full triangulated subcategory D b pRq Ă DpRq consisting of all DG R -modules N cohomology of which are bounded. Now we say that an object M P D b pRq belongs to the full subcategory
for any sufficiently large N P N there are a perfect module P P Perf -R and a morphism P Ñ M such that the induced maps H k pPq Ñ H k pMq are isomorphisms for all k ě´N (see, e.g., [N4] ).
Through the definition of cohomology H k pMq " Hom DpRq pR, Mq depends on R, the definition of a pseudo-coherent module does not depend on the choice of a classical generator for Perf -R. It is evident that there is a natural inclusion of triangulated categories Perf -R Ď D b pcoh X q.
Any morphism f : X Ñ Y is a quasi-functor F : Perf -S Ñ Perf -R and is given by a DG S -R -bimodule T. Since R is cohomologically bounded and T is perfect as DG R -module, the direct image functor Rf˚" R Hom R pT,´q sends D b pRq to D b pS q for any morphism f.
Now we can say that a morphism f : X Ñ Y is of finite Tor-dimension if the inverse image functor
Lf˚: DpS q Ñ DpRq sends D b pS q to D b pRq and we say that f is proper if the direct image
Definition 2.9. A morphism of derived noncommutative schemes f : X Ñ Y is called an immersion if the direct image functor Rf˚: DpRq Ñ DpS q is fully faithful.
In this case the derived category DpRq can be obtained as a Bousfield localization (and colocalization) of DpS q (see, e.g. [N2, Ch.9] ). An example of such a morphism in commutative algebraic geometry is given by a usual open immersion j : U ãÑ Y.
Definition 2.10. Let X be a noncommutative scheme. A compactification of X is a morphism f : X Ñ Ď X such that f is an immersion, and the noncommutative scheme Ď X is proper.
Another important notion is a resolution of singularities, or desingularization.
Definition 2.11. Let X be a derived noncommutative scheme. A regular (resp. smooth) desingularization of X is a morphism f : Ă X Ñ X such that f is an ff-morphism, and the noncommutative scheme Ă X is regular (resp. smooth).
We have to note that a usual resolution of singularities f : r X Ñ X of a commutative scheme is not necessarily a desingularization in the noncommutative case, because we ask that the inverse image functor Lf˚is fully faithful. This condition is fulfilled only if Rf˚O r X -O X , i.e. if X has rational singularities. However, it follows from the main theorem of [KL, Th.1.4 ] that a separated scheme of finite type X over a field of characteristic 0 has a smooth desingularization as in Definition 2.11.
By the construction of this resolution, there is a quasi-functor G : Perf -X Ñ D, where D is a gluing of DG categories of perfect complexes on smooth proper schemes, and the induced homotopy
2.3. Categories of morphisms and Serre functors. It was discussed above that quasi-functors form a DG category. Therefore, morphisms between derived noncommutative schemes X and Y also form a DG category which will be denoted by Mor pX , Y q. For any derived noncommutative schemes X " Perf -R and Y " Perf -S we have a quasi-equivalences of DG categories:
The DG category Mor pX , Y q is pretriangulated and there is a triangulated category of morphisms Mor pX , Y q " H 0 pMor pX , Y qq. In particular, we can add any two morphisms and consider morphisms between morphisms. It is evident that the DG category Mor pX , ptq of morphisms from X to the point pt is quasi-equivalent to Perf -R. Besides, the DG category
Mor ppt, X q consists of DG R˝-modules N that are perfect as complexes of k -vector spaces,
i.e. dim k À i H i pNq ă 8. By Theorem 1.6, if a triangulated category T is regular, proper, and idempotent complete, then any exact functor from T˝to Perf -k is representable. The proof of Theorem 1.6 (see [BV] ) works for DG categories without any changes and, moreover, can be deduced from it.
Proposition 2.12. [O6, Th. 3 .18] Let A be a small DG category that is regular and proper. Then a DG module M is perfect if and only if dim À i H i pMpXqq ă 8 for all X P A .
In particular, we obtain the following corollary.
Corollary 2.13. Let Y be a derived noncommutative scheme that is regular and proper. Then there is a quasi-equivalence Mor ppt, Y q -Y˝.
If the noncommutative scheme Y " Perf -S is proper, then the DG category Mor pX , Y q contains Perf -pS˝b k Rq as a DG subcategory, because the perfect DG S -R -bimodule S b k R, which classically generates the category Perf -pS˝b k Rq, is perfect as a DG R -module too.
Besides, if a noncommutative scheme Y is smooth, then we have an opposite inclusion
Mor pX , Y q Ď Perf -pS˝b k Rq. Indeed, for a smooth Y the DG S -S -bimodule S is perfect. The category of perfect S -S -bimodules is classically generated by the bimodule S b k S .
Thus, any DG S -R -bimodule T -S b S T belongs to the subcategory generated by the DG
Suppose that T is perfect as a DG R -module, then S b k T is perfect as DG S -R -bimodule, and, hence, T is perfect as DG S -R -bimodule too. Thus, we obtain an inclusion Mor pX , Y q Ď Perf -pS˝b k Rq. Finally, we obtain the following proposition:
Proposition 2.14. Let Y be a derived noncommutative scheme that is smooth and proper. Then there is a natural quasi-equivalence
for any derived noncommutative scheme X .
At the same time, there is the following theorem due to B. Toën.
Theorem 2.15. [To] Let X and Y be smooth projective schemes over a field k. Then there is a canonical quasi-equivalence
In particular, the DG category Perf -pYˆk Xq is quasi-equivalent to the DG category of perfect DG modules over pPerf -Y q˝b k pPerf -Xq.
The quasi-equivalence between the DG category Perf -pYˆk Xq and the DG category of perfect DG modules over pPerf -Y q˝b k pPerf -Xq can be described explicitly. Consider DG functors pr1 : Perf -Y ÝÑ Perf -pYˆk Xq, and pr2 : Perf -X ÝÑ Perf -pYˆk Xq induced by the projections pr 1 : Yˆk X Ñ Y and pr 2 : Yˆk X Ñ X. For any perfect complex E on the product Yˆk X we can define a bimodule T E by the rule
This is exactly the required quasi-equivalence.
Let X " Perf -R be a derived noncommutative scheme. If it is proper and regular, then, by Proposition 1.8, the triangulated category Perf -R has a Serre functor. Recall that an autoequivalence S X is a Serre functor if it induces bifunctorial isomorphisms
for any M, N P Perf -R (see [BK1, BO1, BO2] and also [Shk] for DG case). For a usual regular projective scheme X the Serre functor is isomorphic to p´q b ω X rns, where ω X is the canonical sheaf and n is the dimension of X.
For any right DG R -module M we can define left DG R -modules M˚:" Hom k pM, kq and
Consider the DG R-R -bimodule R˚:" Hom k pR, kq and the derived functor
Let us consider the functor p´q L b R R˚as a functor from Perf -R to DpRq. There is the following sequence of isomorphisms
where the notation Hom X is used for a space of morphisms in the triangulated category Perf -R.
These isomorphisms show us that the functor p´q
If it sends Perf -R to itself, then we obtain a Serre functor on the category Perf -R. This happens when R˚is a perfect (right) DG R -module.
Furthermore, a perfect DG module P P Perf -R defines a morphism f : X Ñ pt. By the definition of this morphism, we have Lf˚k -P. Let us consider the functor f ! : Dpkq Ñ DpRq and apply it to k. The following sequence of isomorphisms
When the category Perf -R has a Serre functor S X , we obtain that S X pPq -S X pLf˚kq -f ! k. For example, this holds when X is regular and proper.
Let us consider a morphism f : X Ñ Y of noncommutative schemes X " Perf -R and Y " Perf -S and assume that the category Perf -S has a Serre functor S Y . Then there is the following sequence of isomorphisms
where N P Perf -S and M P Perf -R. It shows that there is a relation between the Serre functor on Y and a Serre functor on X if it exists. Thus, we obtain the following proposition:
Proposition 2.16. Let f : X Ñ Y be a morphism of noncommutative schemes X " Perf -R
and Y " Perf -S , which possess Serre functors S X and S Y , respectively. Then for any
in the triangulated category Perf -R.
Serre functor is an intrinsic invariant of a triangulated category that, in some cases, allow to talk about certain notion of dimension for noncommutative schemes and many other things. For example, a proper noncommutative scheme X will be called a weak Calabi-Yau variety of dimension m if it has a Serre functor S X that is isomorphic to the shift functor rms.
2.4. Geometric realizations of derived noncommutative schemes. The most interesting derived noncommutative schemes appear as full DG subcategories of the DG categories Perf -Z, where Z is some usual commutative scheme. Moreover, any such realization carries an important geometric meaning and gives us a new way to look at these derived noncommutative schemes. Definition 2.17. A geometric realization of a derived noncommutative scheme X " Perf -R is a usual commutative scheme Z and a localizing subcategory L Ď D Qcoh pZq such that its natural enhancement L is quasi-equivalent to SF -R.
Thus, the derived category DpRq is equivalent to the localizing subcategory L and there is a fully faithful functor DpRq Ñ D Qcoh pZq the image of which coincides with the subcategory L. Moreover, since this inclusion functor preserves direct sums and the category DpRq is compactly generated, there exists a right adjoint to the inclusion functor as a consequence of Brown representability theorem (see [N2, 9.1.19] ). This implies that the category L -DpRq can be realized as a Verdier quotient (localization) of the category D Qcoh pZq.
The most important class of geometric realizations is given by the ff-morphisms f : Z Ñ X . In this case the inverse image functor Lf˚: DpRq Ñ D Qcoh pZq gives a geometric realization for X .
The functor Lf˚gives a full embedding Perf -R ãÑ Perf -Z. Thus, it is exactly a case when the localizing subcategory L is compactly generated by some perfect complexes on Z and, hence, there is an inclusion of subcategories of compact objects L c -Perf -R Ă Perf -Z.
Conversely, if we have an inclusion L c -Perf -R Ă Perf -Z, then it gives an ff-morphism f : Z Ñ X . In this case the inverse image functor Lf˚: DpRq Ñ D Qcoh pZq gives a geometric realization for X and the direct image functor Rf˚realizes DpRq as a localization of the category D Qcoh pZq.
Moreover, it is a so-called Bousfield localization because there exists a right adjoint functor f ! :
DpRq Ñ D Qcoh pZq. Such geometric realizations will be called plain. If, in addition, the morphism f is a pp-morphism, i.e. the inclusion Perf -R Ă Perf -Z has a right adjoint, then such a geometric realization will be called perfectly plain.
Example 2.18. Let π : r X Ñ X be a proper birational morphism that is a resolution of singularities of X. Assume that Rπ˚O r X -O X . Then π is an ff-morphism and the inverse image functor Lπg ives a geometric realization for X. This realization is plain but it is not perfectly plain when X is singular.
Another class of geometric realizations is given by immersive morphisms j : X Ñ Z (see Definition 2.9). In this situation the direct image functor Rj˚: DpRq Ñ D Qcoh pZq is fully faithful and the inverse image functor Lj˚: D Qcoh pZq Ñ DpRq is a Bousfield localization. Such geometric realizations will be called immersive.
Suppose now that an immersive morphism j : X Ñ Z is a pp-morphism, i.e. Rj˚is fully faithful and it sends perfect modules to perfect ones. Thus, there is a quasi-functor G : Perf -R Ñ Perf -Z such that H 0 pGq -Rj˚. The quasi-functor G gives an ff-morphism g : Z Ñ X by itself. We have an isomorphism g¨j -id X . In this case the geometric realization is connected with a pair of adjoint morphisms pj, gq, where Rj˚-Lg˚is fully faithful. It will be called perfectly immersive.
If, in addition, the morphism g is a pp-morphism, then the subcategory Perf -R Ă Perf -Z is admissible. In this case the geometric realization is perfectly plain and perfectly immersive simultaneously and it will be called pure. Many interesting examples of noncommutative schemes naturally appear as admissible subcategories N Ă Perf -X for some smooth projective scheme X. More precisely, for any such subcategory we can consider its DG enhancement N Ă Perf -X. It is a DG category that has a generator and, hence, can be realized as Perf -E for some cohomologically bounded DG algebra E . Indeed, since N is admissible in Perf -X, the inclusion functor has right and left adjoint projections.
Thus, a projection of a generator in Perf -X to N gives a classical generator for N . Moreover, the noncommutative scheme N is proper being a full subcategory of the proper category Perf -X.
Furthermore, it is regular, because a projection of a strong generator gives a strong generator in N .
It also can be shown that the noncommutative scheme N is smooth as an admissible subcategory of the smooth category Perf -X (see Proposition 3.10). Note that, by construction, the derived noncommutative scheme N Ă Perf -X is coming with geometric realization and, moreover, this geometric realization is pure because N is admissible.
Example 2.20. Let X be a proper scheme such that H 0 pX, O X q -k and H i pX, O X q " 0, when i ą 0. Then the structure sheaf O X is an exceptional. The subcategory xO X y Ă Perf -X is admissible and gives a pure geometric realization for the point pt. Let us consider the left and right orthogonals N -K xO X y and M -xO X y K , respectively. The right orthogonal M is left admissible in Perf -X. It defines a derived noncommutative scheme M Ă Perf -X together with a perfectly immersive geometric realization. Besides the left orthogonal N is right admissible in Perf -X. It defines a derived noncommutative scheme N Ă Perf -X together with a perfectly plain geometric realization. When X is smooth, the geometric realizations of M and N are pure as well. However, for a singular scheme X these realizations are not necessarily pure.
All other geometric realizations, which are neither plain nor immersive, will be called mixed. We can obtain different mixed realizations as compositions of functors of the form Lf˚and Rj˚for ffmorphisms f and immersive morphisms j, where the target category of the last functor is D Qcoh pZq for some commutative scheme Z. Any such composed functor preserves all direct sums and has a right adjoint functor that is the composition of the functors of the form Rf˚and j ! .
3. Gluing of derived noncommutative schemes and geometric realizations 3.1. Gluing of differential graded categories. Let A and B be two small DG categories and let T be a DG B-A -bimodule, i.e. a DG B˝b A -module. We construct the so called lower triangular DG category corresponding to the data pA , B; Tq.
Definition 3.1. Let A and B be two small DG categories and let T be a DG B-A -bimodule.
The lower triangular DG category C " A v T B is defined as follows:
with the composition law coming from the DG categories A , B and the bimodule structure on T.
The lower triangular DG category C " A v T B is not necessarily pretriangulated even if the components A and B are pretriangulated. To make this operation well-defined on the class of pretriangulated categories, we introduce gluing of pretriangulated categories (see [T2, KL, Ef, O6] ). Actually, we can show much more. The following proposition is not very difficult to prove. It is easy to see that the restriction functor b˚: Mod -pA v T Bq Ñ Mod -B sends semi-free DG modules to semi-free DG modules as well as finitely generated semi-free DG modules to finitely generated ones. Thus, we obtain a DG functor
By assumption B is pretriangulated, and we know that a pretriangulated hull is quasi-equivalent to the DG category of finitely generated semi-free DG modules. Thus, we obtain a quasi-functor b˚: A i T B Ñ B that is right adjoint to b˚.
3.2. Gluing of derived noncommutative schemes. Using the construction above we can define gluing of derived noncommutative schemes. Let X " Perf -R and Y " Perf -S be two derived noncommutative schemes and let T be a DG Y -X -bimodule. By the construction above we can define a DG category
which will be called the gluing of X and Y via (or with respect to) T. Since by Proposition 1.12
and Remark 1.13 there is a quasi-equivalence between semi-free DG Y -X -bimodules and semi-free DG S -R -bimodules, the DG category Z is quasi-equivalent to Perf -pRv 
with the following properties:
(a) l X is a left adjoint section for the projection p X , LrY is essentially the image of the functor LpX .
In particular, we have a semi-orthogonal decomposition xPerf -R, Perf -S y for the triangulated category of perfect objects of the noncommutative scheme Z , and by Proposition 3.4 it characterizes the noncommutative scheme Z as a gluing of X and Y .
Consider two morphisms of derived noncommutative schemes f : X 1 Ñ X and g : Y 1 Ñ Y .
They induce a morphism pg˝b fq : 
As a special case we obtain morphisms
the composition of which is the identity morphism of X ' Y .
A particular case of gluing of two noncommutative schemes is related to a morphism f : X Ñ Y .
Any such morphism is a quasi-functor Under the description above the projections p X and p Y are equal to pid X , 0; 0q and pf, id Y ; idq, respectively, while the sections l X and r Y coincide with the morphisms pid X , 0; 0q and p0, id Y ; 0q, respectively. Furthermore, in this situation there is a right adjoint morphism r X : X Ñ Z for which LrX -Rp X˚. It is given by the triple pid X , f; idq. There is also another projection p Y which is determined by the triple p0, id Y ; 0q. For this morphism we have isomorphisms of the funtors
Finally, we obtain the following recollement for derived noncommutative schemes (see [BBD] ): In addition, we have an isomorphism p Y¨rX -f, while p Y¨lX -fr1s.
Let us consider the direct image functor Rf˚: DpRq Ñ DpS q. It is isomorphic to R Hom R pT,´q, where T is the corresponding quasi-functor. Since T is perfect as DG R -module, this functor commutes with direct sums. Therefore, there is a DG R-S -bimodule U such that the functor Rfi s represented as p´q L b R U. In fact, the DG R-S -bimodule U is isomorphic to Hom R pT, Rq. 
We can consider another gluing
The following example is coming from usual commutative geometry. (see [O6, Prop. 3.20, 3.22] ).
Proposition 3.8. Let X " Perf -R and Y " Perf -S be two derived noncommutative schemes over k and let T be a DG Y -X -bimodule. Then the following conditions are equivalent:
X , Y are proper, and dim k À i H i pTpQ, Pqq ă 8 for all P P Perf -R, Q P Perf -S .
Note that it is sufficient to check the property of T mentioned above in the case P " R and
Proposition 3.9. Let X " Perf -R and Y " Perf -S be two derived noncommutative schemes over k and let T be a DG Y -X -bimodule. Then the following conditions are equivalent:
X and Y are regular.
Here we see that the property of being regular does not depend on the DG bimodule T.
On the other hand the property of being smooth depends on the DG bimodule T. Since Rv Further, we can compare smoothness of a gluing with smoothness of the summands. We obtain the following.
Proposition 3.10. [LS1, 3.24] Let X " Perf -R and Y " Perf -S be two derived noncommutative schemes over k and let T be a DG Y -X -bimodule. Then the following conditions are equivalent:
(1) the gluing X i T Y is smooth, (2) X and Y are smooth and T is a perfect as DG Y -X -bimodule.
Let us consider the point pt " Perf -k and a noncommutative scheme X that is the gluing pt i V pt, where V is a k -vector space. If the vector space V is infinite dimensional, then the noncommutative scheme X is not smooth in spite of it being regular. Of course, in this case X is also not proper.
3.4. Geometric realizations of gluings. Let X and Y be two usual smooth irreducible projective schemes over a field k. Let E P Perf -pXˆk Y q be a perfect complex on the product Xˆk Y.
Note that in the case of projective varieties any perfect complex is globally (not only locally) quasiisomorphic to a strictly perfect complex, i.e. a bounded complex of locally free sheaves of finite type (see, e.g. [TT, 2.3 
.1]).
Let us consider the DG category that is obtained as the gluing pPerf -Xq i E pPerf -Y q. It is a derived noncommutative scheme which will be denoted by Z :" Xi E Y. Taking into account Theorem 2.15 and Propositions 3.8, 3.10, we can deduce that the noncommutative scheme Z is smooth and
proper. The derived noncommutative scheme Z is not commutative in general. However, it is natural to ask about existence of a geometric realization for such derived noncommutative schemes.
The following theorem is proved in [O6] .
Theorem 3.11. [O6, Th. 4.11] Let X and Y be smooth irreducible projective schemes over a field k and let E be a perfect complex on the product Xˆk Y. Let Z " X i E Y be the derived noncommutative scheme that is the gluing of X and Y via E. Then there exist a smooth projective scheme V and an ff-morphism f : V Ñ Z , which give a pure geometric realization for the noncommutative scheme Z .
A proof of this theorem can be found in [O6] . It is constructive and it is useful to take in account that the category Perf -V from Theorem 3.11 has a semi-orthogonal decomposition of the form Perf -V " xN 1 , . . . N k y such that each N i is equivalent to one of the four categories: namely,
Perf -k, Perf -X, Perf -Y, and Perf -pXˆk Y q.
Now we can extend this result to the case of derived noncommutative schemes. Let X i , i " 1, . . . , n be smooth and projective schemes and let N i Ă Perf -X i , i " 1, . . . , n be full pretriangulated DG subcategories. Assume that the homotopy triangulated categories N i " H 0 pN i q are admissible in
Perf -X i . By Propositions 3.8 and 3.10 these conditions imply that the derived noncommutative schemes N i are proper and smooth. Moreover, they are coming with pure geometric realizations.
Theorem 3.12. [O6, Th. 4 .15] Let the DG categories N i , i " 1, . . . , n and the smooth projective schemes X i , i " 1, . . . , n be as above. Let X " Perf -R be a proper derived noncommutative scheme with full embeddings of the DG categories N i Ă Perf -R such that Perf -R has a semiorthogonal decomposition of the form xN 1 , N 2 , . . . , N n y, where N i " H 0 pN i q. Then there exist a smooth projective scheme X and an ff-morphism f : X Ñ X which give a pure geometric realization for the noncommutative scheme X .
Note that in this case the derived noncommutative scheme X is also smooth. Indeed, it is a gluing of smooth proper noncommutative schemes N i with respect to DG bimodules that are DG functors from N j bNi to Perf -k. By Proposition 2.12 all such DG bimodules are perfect because N i are smooth and proper. Theorem 3.12 implies that the world of all smooth proper geometric noncommutative schemes is closed under gluing via perfect bimodules.
These theorems have useful applications. Using results of [KL] we obtain that for any usual proper scheme Y over a field of characteristic 0 there is a full embedding of Perf -Y into Perf -V, where V is smooth and projective. When a proper derived noncommutative scheme X " Perf -R has a full exceptional collection, there is another and more useful procedure of constructing a smooth projective geometric realization.
Any such derived noncommutative scheme X is smooth and could be obtained by a procedure of sequential gluing of copies the point pt. In this case one can find a usual smooth projective scheme X and an exceptional collection of line bundles σ " pL 1 , . . . , L n q on X such that the DG subcategory N Ă Perf -X generated by σ is quasi-equivalent to Perf -R. Moreover, by construction, the scheme X is rational and has a full exceptional collection.
Theorem 3.14. [O6, Th. 5.8] Let X " Perf -R be a proper derived noncommutative scheme over k such that the homotopy category Perf -R has a full exceptional collection Perf -R " xE 1 , . . . , E n y. Then there are a smooth projective scheme X and an exceptional collection of line bundles σ " pL 1 , . . . , L n q on X such that the DG subcategory of Perf -X generated by σ is quasi-equivalent to Perf -R. Moreover, X can be chosen in such way that it is a tower of projective bundles and has a full exceptional collection.
The scheme X has a full exceptional collection as a tower of projective bundles (see [O1] ). Furthermore, it follows from the construction that a full exceptional collection on X can be chosen in such a way that it contains the collection σ " pL 1 , . . . , L n q as a subcollection.
In the proof of this theorem one constructed a quasi-functor from the DG category Perf -R to the DG category Perf -X that sends the exceptional objects E i to shifts of the line bundles L i rr i s for some integers r i . In other words, we have an ff-morphism f : X Ñ X that gives a pure geometric realization for the noncommutative scheme X and Lf˚E i -L i rr i s. Of course, we can not expect in general that E i go to line bundles without shifts. On the other hand, in the case of strong exceptional collections it is natural to seek geometric realizations as collections of vector bundles (without shifts) on smooth projective varieties. It can be shown that in general we can not realize a strong exceptional collection as a collection of unshifted line bundles, but trying to present it in terms of vector bundles seems quite reasonable.
Theorem 3.15. [O7, Cor. 2.7] Let X " Perf -R be a proper derived noncommutative scheme such that the category Perf -R has a full strong exceptional collection Perf -R " xE 1 , . . . , E n y.
Then there exist a smooth projective scheme X and an ff-morphism f : X Ñ X such that the functor Lf˚sends the exceptional objects E i to vector bundles E i on X.
A special class of derived noncommutative schemes is related to finite dimensional algebras. Let Λ be a finite dimensional algebra over a base field k. Consider the derived noncommutative scheme V " Perf -Λ. This noncommutative scheme is proper for any such Λ. It is regular if and only if the algebra Λ has finite global dimension. Denote by r the (Jacobson) radical of Λ. We know that r n " 0 for some n. Let S be the quotient algebra Λ{r. It is semisimple and has only a finite number of simple non-isomorphic modules.
Recall that a semisimple algebra S over a field k is called separable over k if it is projective as an S-S -bimodule. It is well-known that a semisimple algebra S is separable if it is a direct sum of simple algebras whose centers are separable extensions of the field k. It also means that the noncommutative scheme Perf -S is smooth. Moreover, the noncommutative scheme V " Perf -Λ is smooth over k if Λ has finite global dimension and S " Λ{r is separable (see, e.g. [Ro] ).
Theorem 3.16. [O6, Th. 5 .3] Let Λ be a finite dimensional algebra over k. Assume that the semisimple algebra S " Λ{r is k -separable. Then there are a smooth projective scheme X and a perfect complex E P Perf -X such that EndpEq -Λ and HompE, Erlsq " 0 for all l ‰ 0.
Corollary 3.17. [O6, Th. 5.4 ] Let V " Perf -Λ be a derived noncommutative scheme, where Λ is a finite dimensional algebra over k for which Λ{r is k -separable. Then there are a smooth projective scheme X and an ff-morphism f : X Ñ V which give a plain geometric realization for V . Moreover, if Λ has finite global dimension, then this realization is pure.
Note that over a perfect field all semisimple algebras are separable. Thus, if k is perfect, then these results can be applied to any finite-dimensional k -algebra.
Consider a smooth and proper noncommutative scheme X " Perf -R such that the category
Perf -R has a full strong exceptional collection σ " xE 1 , . . . , E n y. The object E "
a generator of Perf -R, and the DG category Perf -R is quasi-equivalent to the DG category Perf -Λ, where Λ " Endp
E i q is the algebra of endomorphisms of the collection σ. It is evident that the algebra Λ is a quiver algebra on n directed vertices. Recall that Λ is called a quiver algebra on n directed vertices, if Λ -kQ{I, where Q is a quiver for which Q 0 " t1, . . . , nu is the ordered set of n elements and for any arrow a P Q 1 the source spaq P Q 0 is less than target tpaq P Q 0 , while I is a two-sided ideal of the path algebra kQ generated by a subspace of kQ spanned by linear combinations of paths of length at least 2 having a common source and a common target (see, e.g., [O7] ).
On the other hand, any quiver algebra Λ on n directed vertices has finite global dimension and, moreover, the category Perf -Λ has a strong full exceptional collection consisting of the indecomposable projective modules P i for i " 1, . . . , n. The algebra Λ is exactly the algebra of endomorphisms of this full strong exceptional collection. Thus, Theorem 3.15 implies that for any quiver algebra Λ on n directed vertices there exist a smooth projective scheme X and a vector bundle E on X such that End X pEq " Λ and Ext p X pE, Eq " 0 for all p ‰ 0. Moreover, they can be chosen so that the rank of E is equal to the dimension of Λ (see [O7, Cor. 2.8 
]).
3.5. Quasi-phantoms and phantoms. Let T be a triangulated category and let T " xN 1 , . . . , N n y be a semi-orthogonal decomposition. Any such decomposition induces the following decomposition for the Grothendieck group
In the particular case of a full exceptional collection we obtain an isomorphism of the Grothendieck group K 0 pT q with a free abelian group Z n . For any small DG category A we can define K-theory spectrum KpA q by applying Waldhausen's construction to a certain category with cofibrations and weak equivalences that can be obtained from the DG category Perf -A (see [DS, Sch, K2, T2] ). More precisely, the objects of this category are perfect DG modules, the cofibrations are the morphisms of DG A -modules of degree zero that admit retractions as morphisms of graded modules, and the weak equivalences are the quasi-isomorphisms.
This construction is invariant under quasi-equivalences between Perf -A and Perf -B. Thus, to any derived noncommutative scheme X " Perf -R we can attach a K-theory spectrum KpX q :" KpRq " KpPerf -Rq. K-theory gives us an additive invariant for derived noncommutative schemes in the sense that for any gluing Z " X i 
X q, which allows to describe the Hochschild homology in terms of usual cohomology of the scheme X (see [Sw] ). This definition is a result of the successive study and appearance of such objects, but a more natural and more important definition is the following definition of a universal phantom.
Definition 3.19. We say that a phantom X is a universal phantom if X b k Y is also phantom for any smooth and proper noncommutative scheme Y .
It can be shown that it is sufficient to verify this property for Y " X . Moreover, it is also known that any universal phantom X has a trivial K-motive and, hence, its K-theory KpX q vanishes as well (see [GO] ).
Different examples of geometric quasi-phantoms were constructed as semi-orthogonal complements to exceptional collections of maximal length on some smooth projective surfaces of general type with q " p g " 0 for which Bloch's conjecture holds, i.e. the Chow group CH 2 pSq -Z. In more detail, let S be such a surface. In this case the Grothendieck group K 0 pSq is isomorphic to Z ' PicpSq ' Z -Z r`2 ' PicpSq tors , where r is the rank of the Picard lattice PicpSq{ PicpSq tors . Since the Picard group PicpSq of this surface is isomorphic to H 2 pSpCq, Zq, we obtain that PicpSq tors is finite and there are the following relations r`2 " b 2`2 " e, where b 2 is the second Betti number and e is the topological Euler characteristic of S. Assume that the triangulated category Perf -S has an exceptional collection pE 1 , . . . , E e q of the maximal possible length e. In this case there is a semi-orthogonal decomposition of the form Perf -S " xE 1 , . . . , E e , N y, where N is the left orthogonal to the subcategory T " xE 1 , . . . , E e y generated by the exceptional collection. We have K 0 pT q -Z e and, hence, K 0 pN q -PicpSq tors .
Consider now the DG category Perf -S and its DG subcategory N Ă Perf -S that has the same objects as N Ă Perf -S. The DG category N is a derived noncommutative scheme, which is smooth and proper because the subcategory N is admissible. We already mentioned that K 0 pN q -PicpSq tors . Moreover, it is evident that the Hochschild homology HH˚pN q is trivial.
Thus, the noncommutative scheme N is a quasi-phantom coming with a pure geometric realization
At this moment there are a lot of different examples of quasi-phantoms constructed as described above. First example was constructed in [BGS] for the classical Godeaux surface S that is the Z{5Z -quotient of the Fermat quintic in P 3 . In this case e " 11, and the Grothendieck group K 0 pN q is isomorphic to the cyclic group Z{5Z.
The next examples were Burniat surfaces with e " 6, exceptional collections of maximal length for which were constructed in [AO] . In this case we have a 4-dimensional family of such surfaces and we obtain a 4 dimensional family of quasi-phantoms N with K 0 pN q " pZ{2Zq 6 . (It was proved in the paper [Ku] that the second Hochschild cohomology of the quasi-phantoms N coincides with the second Hochschild cohomology of the related Burniat surfaces S. ) Suppose we have two different quasi-phantoms N and N 1 . It is natural to consider their tensor product N b k N 1 . If the orders of the Grothendieck groups K 0 pN q and K 0 pN 1 q are coprime, we can hope that the Grothendieck group of N b k N 1 will be trivial. In the case of surfaces it can be proved.
Theorem 3.20. [GO] Let S and S 1 be smooth projective surfaces over C with q " p g " 0 for which Bloch's conjecture for 0-cycles holds. Assume that the categories Perf -S and Perf -S 1 have exceptional collections of maximal lengths epSq and epS 1 q, respectively. Let N Ă Perf -S and N 1 Ă Perf -S 1 be the left orthogonals to these exceptional collections. If the orders of PicpSq tors and PicpS 1 q tors are coprime, then the noncommutative scheme N b k N 1 Ă Perf -pSˆk S 1 q is a universal phantom.
This theorem also tells us that the noncommutative scheme N b k N 1 has a trivial K-motive, i.e. it is in the kernel of the natural map from the world of smooth and proper derived noncommutative schemes to the world of K-motives (they are called noncommutative motives now) and, in particular, it has trivial K-theory, i.e. K i pN b N 1 q " 0 for all i (see [GO] ). It is known that K-theory is a universal additive invariant [T1, T2] and, hence, all additive invariants of universal phantoms vanish.
Corollary 3.21. [GO] Let S be a Burniat surface with e " 6 and let S 1 be the classical Godeaux surface over C. Let N Ă Perf -S and N 1 Ă Perf -S 1 be quasi-phantoms that are the left orthogonals to exceptional collections of maximal lengths. Then the derived noncommutative scheme N b k N 1 Ă Perf -pSˆk S 1 q is a universal phantom, and K i pN b k N 1 q " 0 for all i P Z.
Another type of a geometric phantom was constructed in [BGKS] as a semi-orthogonal complement to an exceptional collection of maximal length on the determinantal Barlow surface. Since the Barlow surface is simply connected, it does not have torsion in Picard group. In this case any quasi-phantom constructed as it was described above is actually a phantom because the Grothendieck group is trivial.
The results of the paper [GO] applied to a phantom coming from a Barlow surface give us that this phantom is universal.
3.6. Krull-Schmidt partners. Let X " Perf -R and Y " Perf -S be two derived noncommutative schemes and let f : X Ñ Y be a morphism that is represented by a DG Y -X -bimodule
Any morphism c : X Ñ V induces a morphism c : Z Ñ V that is the composition of c and the natural projection p X : Z Ñ X . By Proposition 3.6, the morphism c is given by the triple pc, 0; 0q. If the morphism c is represented by a DG V -X -bimodule P, then the morphism c is related to a DG V -Z -bimodule P " pP, 0q, which coincides with P on the subcategory Perf -R Ă Perf -pRv T S q and is equal to 0 on the subcategory Perf -S Ă Perf -pRv
Let g : X Ñ Y be another morphism that is represented by a DG Y -X -bimodule U. Suppose there is a map φ : f Ñ g between the morphisms. By Proposition 3.6, the map φ : f Ñ g induces a morphism r g φ : Z Ñ Y that is given by the triple pg, id Y ; φq. The morphism r g φ is represented by a DG Y -Z -bimodule r U φ :" pU, S q that coincides with U on the subcategory Perf -R Ă Perf -pRv T S q, and r U φ p´, ‚q " Hom Y p‚,´q on the subcategory Perf -S Ă Perf -pRv T S q. The map φ : T Ñ U allows to define a natural structure of a Z -module on r U φ " pU, S q. There is an isomorphism r f id -p Y . Moreover, it is easy to see that, by Proposition 3.6, the composition of r g φ : Z Ñ Y with the right section r X : X Ñ Z is exactly the morphism g : X Ñ Y .
Let us denote by c the cone of the map φ : f Ñ g. The map φ induces a map r φ : p Y Ñ r g φ .
The cone of this map is isomorphic to the morphism c " cp X . Thus, we have two exact triangles of morphisms
in the triangulated categories Mor pX , Y q and Mor pZ , Y q. Moreover, the triangle pTr1q can be obtained from Tr2 by applying the section r X , i.e. we have pTr1q " pTr2q¨r X .
Let us describe a case when the constructed morphism r g φ : Z Ñ Y is an ff-morphism, i.e. it induces a fully faithful embedding Lr gφ : Perf -S Ñ Perf -pRv T S q. By construction, the projection r f id -p Y is such a morphism.
Theorem 3.22. Let X " Perf -R and Y " Perf -S be noncommutative schemes and let φ : f Ñ g be a map between morphisms from X to Y . Let c " Conepφq be the cone of φ. Let the morphisms g, c are represented by a DG Y -X -bimodules U and P, respectively. Then the following properties are equivalent:
Lr gφ is fully faithful;
(2) Hom Z pLc˚S , Lr gφS rmsq -Hom Z pP, r U φ rmsq " 0 for all m P Z;
(3) Hom X pLc˚S , Lg˚S rmsq -Hom X pP, Urmsq " 0 for all m P Z.
Proof. The triangle pTr2q of morphisms from Z to Y induces an exact triangle
in the triangulated category Perf -pRv T S q. Since r g φ¨rX " g and c " c¨p X and taking into account that LrX -Rp X˚, we obtain the following sequence of isomorphisms Hom Z pLc˚S , Lr gφS rmsq -Hom Z pLpX Lc˚S , Lr gφS rmsq --Hom X pLc˚S , Rp X˚L r gφS rmsq -Hom X pLc˚S , Lg˚S rmsq.
Thus, condition (2) is equivalent to condition (3).
Consider now the map r φ : p Y Ñ r g φ between morphism from Z to Y . It induces a natural transformation L˚p Y Ñ L˚r g φ beteen inverse image functors. In particular, for any pair of objects M, N P Perf -S and a morphism u : M Ñ N there is a commutative diagram
Putting M " S and N " S rms we obtain the following commutative diagram
The left vertical arrow is an isomorphism because the functor LpY is fully faithful. The bottom horizontal arrow is also an isomorphism for all m P Z. Indeed, let us apply the functor Hom Z pLpY S ,´q to the exact triangle (8). Taking into account semi-orthogonal decomposition for perfect complexes on Z , we obtain Hom Z pLpY S , Lc˚S q " 0 because Lc˚S -LpX¨Lc˚S . This implies that the bottom arrow is an isomorphism.
(1) ô (2). Now, the top horizontal arrow in diagram (9) is an isomorphism for all m P Z if and only if the right vertical arrow is an isomorphism for all m P Z. But it is equivalent to the property Hom Z pLc˚S , Lr gφS rmsq " 0 for all m P Z because the right vertical arrow h ‚ p r φ S q is a part of the long exact sequence obtained by applying the functor Hom Z p´, Lr gφS q to exact triangle (8).
Thus, if the functor Lr gφ is fully faithful, then the top horizontal arrow is an isomorphism and this implies condition (2).
Conversely, if property (2) holds for all m P Z, then the right vertical arrow in diagram (9) is an isomorphism for all m P Z. Hence, the top horizontal arrow is an isomorphism for all m P Z. The object S is a classical generator for the category Perf -S . Thus, by Proposition 1.12, the functor Lr gφ is fully faithful and r g φ :
Let X " Perf -R and Y " Perf -S be derived noncommutative schemes and let φ : f Ñ g be a map between morphisms from X to Y . Suppose, as in Theorem 3.22, the morphism
Assume also that the morphism r g φ is a pp-morphism and, hence, has a right section r 1 Y : Y Ñ Z . This implies that the embedding functor Lr gφ realizes the category Perf -S as a right admissible subcategory in Perf -pRv f S q. Thus, we obtain another semi-orthogonal decomposition of the form Perf -pRv f S q " xPerf -S K , Perf -S y. The natural enhancement of the subcategory Perf -S K gives a derived noncommutative scheme X 1 " Perf -R 1 .
By Proposition 3.4, the decomposition above says that the noncommutative scheme Z can be also represented as a gluing
Y is the identity by adjointness, but the composition p 1
Y¨r Y is also isomorphic to the identity by construction. This implies that the adjoint composition p Y¨r 1 Y is isomorphic to the identity too. In the case when X and Y are regular and proper, all projections have right and left adjoint sections by Proposition 1.7. The noncommutative schemes Z and X 1 are also regular and proper by Propositions 3.8, 3.9.
Definition 3.23. Let X " Perf -R and X 1 " Perf -R 1 be two smooth and proper derived noncommutative schemes. Suppose there are another smooth and proper noncommutative scheme
such that the morphisms p 1 Y¨v¨r Y and p Y¨w¨r 1 Y are isomorphisms of Y . In this case we call X and X 1 Krull-Schmidt partners.
Since the composition p 1
Y¨v¨r Y is an isomorphism, K-theories of X and X 1 are isomorphic. Moreover, their K-motives are isomorphic too.
Let X be a smooth projective scheme and let R be a DG algebra such that Perf -X is quasi-equivalent to Perf -R. Let P s P Perf -X, s " 1, 2 be two perfect complexes such that their supports supp P 1 , supp P 2 Ă X do not meet. Put T " P 1 ' P 2 and consider the gluing Z " X i T pt. Let us take U " P 2 and P " P 1 . Since condition (3) of Theorem 3.22 holds for U " P 2 and P " P 1 , the morphism Z Ñ pt, which is given by the object r U, is an ff-morphism.
Therefore, we obtain another semi-orthogonal decomposition xPerf -R 1 , Perf -ky for the category Perf -pRv T kq. Thus, we get a Krull-Schmidt partner X 1 :" Perf -R 1 for the usual commutative scheme X. In general this Krull-Schmidt partner is not isomorphic to X.
For example, let X be a smooth projective curve of genus g, and let P 1 , P 2 be torsion coherent sheaves of lengths l s " length P s , s " 1, 2 such that supp P 1 X supp P 2 " H. It can be easily checked that the Krull-Schmidt partner X 1 is not isomorphic to X. Indeed, the integral bilinear form χpE, F q " ř m p´1q m dim HompE, F rmsq on K 0 pXq goes through Z 2 " H ev pX, Zq. In this case the forms χ for X and for X 1 are respectively equal to χ X "˜1´g 1 1 0¸a nd χ X 1 " χ t :"˜t 1 1 0¸, where t " 1´g´l 1 l 2 .
The integral bilinear forms χ t are not equivalent for different t. Hence, the categories Perf -X and Perf -R 1 are not equivalent. Moreover, the categories Perf -R 1 for different t are not equivalent to each other. Thus, for any smooth projective curve X we obtain infinitely many different KrullSchmidt partners. For the same t we have many Krull-Schmidt partners that depend on the torsion sheaves P 1 and P 2 . It is reasonable to expect that these Krull-Schmidt partners have nontrivial moduli spaces. The case of X " P 1 and two points P s " p s , s " 1, 2 is discussed in [O7, 3.1].
4. Finite dimensional algebras, quasi-hereditary algebras, and gluing 4.1. Finite dimensional algebras. In this section we consider derived noncommutative schemes which are related to finite dimensional algebras.
Let k be a field and let Γ be a finite dimensional k -algebra with Jacobson radical R. The quotient algebra Γ " Γ{R is semisimple. We will assume that the algebra Γ is basic. This means that the algebra Γ is isomorphic to kˆ¨¨¨ˆk looooomooooon n , where k is the base field. Denote by te 1 , . . . , e n u a complete sequence of primitive orthogonal idempotents of Γ, so that ř n i"1 e i " 1. Let Π i " e i Γ with 1 ď i ď n be the corresponding indecomposable projective right Γ -modules, and let Σ i " e i Γ{e i R be the simple right Γ -modules. The quotient algebra Γ " Γ{R is isomorphic to À n i"1 Σ i as Γ -module. Since Γ is basic, all Σ i are one dimensional as k -vector spaces. Denote by Mod-Γ the category of right Γ -modules. The full subcategory of finitely generated right Γ -modules will be denoted by mod-Γ. Any algebra Γ can be considered as a DG algebra.
The derived category DpΓq of all DG modules over this DG algebra is nothing but the unbounded derived category DpMod-Γq and the DG category SF -Γ of semi-free DG modules is an enhancement of this triangulated category. The triangulated category Perf -Γ of perfect DG modules (from now on, perfect complexes) consists of all bounded complexes of finitely generated projective modules.
The DG category Perf -Γ is a natural enhancement of Perf -Γ, and it defines a derived noncommutative scheme W " Perf -Γ (see Definition 2.1). Since the algebra Γ is finite dimensional, the noncommutative scheme W is proper.
We can also consider the bounded derived category D b pmod-Γq of finitely generated Γ -modules.
It contains the triangulated category Perf -Γ as a full triangulated subcategory. Moreover, the subcategory of perfect complexes Perf -Γ Ď D b pmod-Γq is equivalent to the whole bounded derived category D b pmod-Γq if and only if the algebra Γ is of finite global dimension. In this case the derived noncommutative scheme W " Perf -Γ is regular (see [Ro] ).
4.2. Quasi-hereditary algebras. Let N 1 , . . . , N k be finitely generated right Γ -modules. We denote by FiltpN 1 , . . . , N k q the full subcategory of the abelian category mod-Γ consisting of all modules M that admit a finite filtration 0 " M 0 Ď M 1 Ď¨¨¨Ď M s " M such that each factor M p {M p´1 is isomorphic to an object of the form N j .
Most of our constructions will depend on a linear order of the sequence of idempotents. This ordering will be denoted by e " pe 1 , e 2 , . . . , e n q. The idempotents e i`ei`1`¨¨¨`en for 1 ď i ď n will be denoted by ε i and we put ε n`1 " 0.
Definition 4.1. For each 1 ď i ď n define the standard module ∆ i as the largest quotient of the projective module Π i having no simple composition factors Σ j with j ą i.
In other words, we have the following definition of the standard modules ∆ i " e i Γ{e i Γε i`1 Γ and this definition depends on the ordering e.
Let us denote by Θ i the kernels of the natural epimorphisms Π i ։ ∆ i , and by Ξ i the kernels of the natural surjections ∆ i ։ Σ i . Thus, for all 1 ď i ď n there are short exact sequences
The algebra Γ is called quasi-hereditary (with respect to the ordering e ) if the following conditions hold: 1) the modules Ξ i belong to FiltpΣ 1 , . . . , Σ i´1 q for all 1 ď i ď n; 2) the modules Θ i belong to Filtp∆ i`1 , . . . , ∆ n q for all 1 ď i ď n.
Condition 1) of Definition 4.2 means that all the modules ∆ i are Schurian, i.e. End Γ p∆ i q are division rings for all 1 ď i ď n. In our case, when Γ is a basic algebra, condition 1) implies that End Γ p∆ i q -k for all i. In particular, there is an isomorphism ∆ 1 -Σ 1 , while, by definition, ∆ n -Π n . Property 2) also implies that for every 1 ď i ď n the projective module Π i belongs to the subcategory Filtp∆ i , . . . , ∆ n q. The following proposition is well-known. Proposition 4.3. Let Γ be a basic quasi-hereditary algebra. Then Γ has finite global dimension and the sequence of the standard modules p∆ 1 , . . . , ∆ n q forms a full exceptional collection in the triangulated category Perf -Γ.
Proof. A descending induction and short exact sequences (11) give us that all ∆ i belong to Perf -Γ, but an ascending induction and short exact sequences (12) show us that all simple modules Σ i also belong to Perf -Γ. This implies that Γ has finite global dimension and Perf -Γ -D b pmod-Γq.
Since ∆ i belongs to FiltpΣ 1 , . . . , Σ i q, we have HompΠ j , ∆ i q " 0 when j ą i. Applying this to ∆ n " Π n we obtain that Ext k p∆ n , ∆ i q " 0 for all k ě 0 and i ă n. Now by descending induction by j we can show that Ext k p∆ j , ∆ i q " 0 for all k ě 0 and i ă j. Indeed, we know that Ext k pΠ j , ∆ i q " 0 for all k ě 0 and i ă j. Moreover, by induction hypothesis Ext k pΘ j , ∆ i q " 0 for all k ě 0 and i ă j, because Θ i belongs to Filtp∆ i`1 , . . . , ∆ n q. Now the short exact sequence (11) for ∆ j implies vanishing of all Ext's from ∆ j to ∆ i when j ą i.
Since Θ i belongs to Filtp∆ i`1 , . . . , ∆ n q, we have Ext k pΘ i , ∆ i q " 0 for all k ě 0. Hence, for any i we obtain Ext
when k ą 0 and Endp∆ i q -k. Thus, the sequence of the standard modules p∆ 1 , . . . , ∆ n q forms a full exceptional collection in the triangulated category Perf -Γ -D b pmod-Γq.
The Proposition above implies that the derived noncommutative scheme W " Perf -Γ is smooth and proper and can be obtained as a gluing of n copies of the point pt. For any 1 ď i ď n we denote by T i Ď Perf -Γ the full admissible subcategory T i " x∆ 1 , . . . , ∆ i y that is generated by the exceptional subcollection p∆ 1 , . . . , ∆ i q. Let U i`1 " K T i be the left orthogonal, then it is generated by the exceptional subcollection p∆ i`1 , . . . , ∆ n q, i.e. U i`1 " x∆ i`1 , . . . , ∆ n y and it is also admissible. The following Lemma is evident.
Lemma 4.4. For every 1 ď i ď n the subcategories T i , U i Ď Perf -Γ satisfy the following properties:
1) T i contains the simple modules tΣ 1 , . . . , Σ i u and is generated by this set of objects;
2) U i contains the projective modules tΠ i , . . . , Π n u and is generated by this set of objects.
Let T i and U i be full DG subcategories of the DG category of perfect complexes Perf -Γ with the same objects as T i and U i , respectively, i.e. T i and U i are the induced DG enhancements for T i and U i .
There are two recursive constructions of quasi-hereditary algebras described in the literature. We will use the construction based on extensions of centralizers, described in [DR1] . Actually, when
we have an algebra Γ, we can consider a sequence of algebras Γ k -ε k Γε k , where 1 ď k ď n.
We obtain that Γ n is isomorphic to the field k, while the algebra Γ 1 is isomorphic to Γ. The algebras Γ k are the algebras of endomorphisms
Proposition 4.5. Let pΓ, eq be a basic quasi-hereditary algebra with indecomposable projective modules Π 1 , . . . , Π n . Let Γ k be the algebra of endomorphisms End Γ p À n i"k Π i q. Then the following properties hold.
1)
For any 1 ď k ď n the algebra Γ k is basic and quasi-hereditary.
2) For any 1 ď k ď n the DG category Perf -Γ k is quasi-equivalent to the DG subcategory U k Ď Perf -Γ. Moreover, under this quasi-equivalence the indecomposable projective Γ k -modules go to indecomposable projective Γ -modules, and standard Γ k -modules go to standard Γ -modules.
3) For any 1 ď k ă n the DG category of perfect complexes Perf -Γ k is quasi-equivalent to the
Proof. By Lemma 4.4 the projective module À n i"k Π i belongs to U k and generates it. Moreover, the DG algebra of endomorphisms of this object in the DG category U k is quasi-isomorphic to the algebra Γ k . Hence, by Proposition 1.14, there is a quasi-equivalence between U k and Perf -Γ k .
This quasi-equivalence is actually given by the DG functor Hom Γ p À n i"k Π i ,´q. Under this DG functor the projective modules Π j , j ě k go to the projective Γ k -module Hom Γ p À n i"k Π i , Π j q. Note that the projective modules Π j , j ě k belong to U k .
The simple modules Σ j , j ě k go to the simple Γ k -modules, while the simple modules Σ j , j ă k go to 0. However, the simple modules Σ j , j ě k do not necessarily belong to U k and, hence, the simple Γ k -modules do not go to the simple Γ -modules. Besides, the standard modules ∆ j " e j Γ{e j Γε j`1 Γ also go to the standard Γ k -modules, when j ě k, and go to 0, when j ă k.
Moreover, the standard modules ∆ j , j ě k belong to U k and, therefore, the standard Γ k -modules correspond to standard Γ -modules ∆ j , j ě k. We also have that exact sequences (11) and (12) for i ě k go to the same exact sequence in mod-Γ k and conditions 1) and 2) of Definition 4.2 hold.
Thus, the algebra Γ k is also quasi-hereditary. By Proposition 3.4, the semi-orthogonal decomposition
Any path algebra of a directed quiver with relations is quasi-hereditary in two different ways.
First, we can take all the simple modules as the standard modules. In this case the category Filtp∆ 1 , . . . , ∆ n q coincides with the whole abelian category mod-Γ. The second way is to take the indecomposable projective modules as the standard modules. In this case the subcategory Filtp∆ 1 , . . . , ∆ n q contains only the finitely generated projective modules.
4.3. Well-formed quasi-hereditary algebras. Let Γ be a basic quasi-hereditary algebra and let p∆ 1 , . . . , ∆ n q be the complete sequence of the standard Γ -modules that forms a full exceptional collection in the triangulated category of perfect complexes Perf -Γ. Definition 4.6. An algebra Γ is well-formed if for every 1 ď i ď n there exists a right Γ -module Ψ i P Filtp∆ i`1 , . . . , ∆ n q and a morphism π i : Π i Ñ Ψ i such that the canonical morphisms of the functors HompΨ i ,´q Ñ HompΠ i ,´q is an isomorphism on the subcategory U i`1 Ă Perf -Γ.
Remark 4.7. In other words this property means that the complex Π i π i Ñ Ψ i belongs to the left orthogonal K U i`1 in the category U i , and the corresponding projection of Π i on U i`1 is a module from the subcategory Filtp∆ i`1 , . . . , ∆ n q. Note that the right orthogonal U K i`1 in U i is exactly the subcategory generated by the exceptional object ∆ i .
Note that Ψ n " 0. Moreover, for n´1 the module Ψ n´1 also exists for any quasi-hereditary algebra Γ. It is isomorphic to Π m n , where m is the dimension of the space of homomorphisms Hom Γ pΠ n´1 , Π n q. However, already for i " n´2 the existence of the module Ψ n´2 P Filtp∆ n´1 , ∆ n q with the property given in Definition 4.6 is an additional restrictive condition.
Recall that any exceptional collection in a proper triangulated category has the right and left dual exceptional collections (see, e.g., [Bo] ). First, let us consider and describe the left dual for the collection p∆ 1 , . . . , ∆ n q. Denote by I i the injective envelope of the simple module Σ i for all 1 ď i ď n and define the costandard modules ∇ i as the maximal submodules of I i having no composition factors Σ j with j ą i. It is evident that ∇ 1 -∆ 1 -Σ 1 . Moreover, it is not difficult to check that the collection p∇ n , . . . , ∇ 1 q is a full exceptional collection in the triangulated category Perf -Γ that is left dual to the collection p∆ 1 , . . . , ∆ n q. The last property means that the following conditions hold
k, when i " j, and l " 0, 0, otherwise.
In this case we get that for every 1 ď i ď n the admissible subcategory T i " x∆ 1 , . . . , ∆ i y coincides with the subcategory x∇ i , . . . , ∇ 1 y and the object ∇ i`1 generates the right orthogonal to the subcategory T i in the category T i`1 .
Now we consider a full exceptional collection pK n , . . . , K 1 q of objects in Perf -Γ that is right dual to the collection p∆ 1 , . . . , ∆ n q. Thus, we have
In particular, there are isomorphisms K n -∆ n -Π n . It directly follows from definition that the objects K i are isomorphic to the complexes tΠ i π i ÝÑ Ψ i u. Hence, the property for a quasi-hereditary algebra to be well-formed can be also considered as a property of the right dual exceptional collection pK n , . . . , K 1 q. Denote by ψ i : Θ i Ñ Ψ i the composition of π i and the natural inclusion of Θ i to Π i , and let Υ i be the cone of ψ i . For any 1 ď i ď n we have the following commutative diagram of exact triangles in the triangulated category Perf -Γ.
and algebra Γ is well-formed if the object Ψ i belongs not only U i`1 but it is also in Filtp∆ i`1 , . . . , ∆ n q for any 1 ď i ď n. We also have that the objects Θ i , Ψ i , Υ i belong to U i`1 , while ∆ i and K i generate the right and left orthogonals
Remark 4.8. Let us consider the algebra Γ " kQ{I of a directed quiver with relations pQ, Iq for which the set of vertices Q 0 " t1, . . . , nu is the ordered set of n elements and spaq ą tpaq for any arrow a P Q 1 , where s, t : Q 1 Ñ Q 0 are the maps associating to each arrow its source and target.
In this case the algebra Γ is quasi-hereditary with respect to the ordering e " pe 1 , e 2 , . . . , e n q.
Moreover, for such ordering the standard modules ∆ i are isomorphic to the simple modules Σ i for all 1 ď i ď n. The quasi-hereditary algebra pΓ, eq is well-formed in this case because the projective module Π i belongs to the subcategory K U i`1 Ď T for each i. Thus, for all 1 ď i ď n we have
Remark 4.9. Note that if we take the opposite ordering of idempotents, then the algebra Γ is also quasi-hereditary, but in this case the standard modules are the indecomposable projective modules, and the algebra is not necessarily well-formed. The simplest example is a quiver Q " p ‚ a / / ‚ b / / ‚ q with three vertices, two arrows a, b, and with a single relation ba " 0.
5. Geometric realizations of finite dimensional algebras 5.1. Geometric realizations of well-formed quasi-hereditary algebras. In this section we discuss some geometric realizations for finite dimensional algebras. We consider the case when an algebra is basic. By Theorem 3.16, any such algebra has a plain geometric realization. However, Theorem 3.16 only tells us that for any such algebra Λ there is a perfect complex E on a smooth projective scheme X for which EndpEq -Λ and HompE, Erlsq " 0 when l ‰ 0. A reasonable question about finite dimensional algebras here is to find such a geometric realization, where the perfect complex E is a vector bundle E on X. We know that this question has a positive answer for any quiver algebra Λ by Theorem 3.15. Moreover, in that case we can find X and a vector bundle E such that the rank of E is equal to the dimension of Λ (see [O7, Cor. 2.8] ).
At first, we consider the case of a quasi-hereditary algebras and we will try to find a geometric realization such that all standard modules ∆ i go to line bundles on X.
Definition 5.1. Let Γ be a basic quasi-hereditary algebra over k, and let X be a smooth projective scheme. Let G : Perf -Γ Ñ Perf -X be a quasi-functor. We say that G satisfies property (V) if the following conditions hold:
pVq
(1) the functor G " H 0 pGq : Perf -Γ Ñ Perf -X is fully faithful, i.e. G gives a plain geometric realization of Perf -Γ;
(2) the standard modules ∆ i , 1 ď i ď n go to line bundles L i on X under G;
(3) there is a line bundle N on X such that N P K GpPerf -Γq Ă Perf -X, the line bundles N b L´1 i are generated by global sections, and H j pX, N b L´1 i q " 0 when j ě 1 for all i " 1, . . . , n.
Since any module M P Filtp∆ 1 , . . . , ∆ n q has a filtration with successive quotients being standard modules, condition (2) of Definition 5.1 implies that any such Γ -module goes to a vector bundle under the functor G. Moreover, by the same reasoning, the vector bundle GpM q has a filtration with successive quotients isomorphic to the line bundles L i . Now it is not difficult to check that condition (3) of (V) implies the following condition:
(3') there is a line bundle N on X such that N P K GpPerf -Γq and vector bundles N b GpM q _ are generated by global sections for all M P Filtp∆ 1 , . . . , ∆ n q and have no higher cohomology.
Note that the quasi-functor G : Perf -Γ Ñ Perf -X gives an ff-morphism g : X Ñ W where W " Perf -Γ is the derived noncommutative scheme related to the algebra Γ. Property 2) tells us that the standard modules ∆ i P Perf -Γ go to the line bundles L i on X under the inverse image functor Lg˚.
For any quasi-hereditary algebra Γ the projective modules Π i belong to the subcategory Filtp∆ 1 , . . . , ∆ n q and, hence, they go to vector bundles under the functor G. Denote by P i the vector bundles GpΠ i q for all i " 1, . . . , n. Since the functor G is fully faithful, the vector bundles E k " À n i"k P i possess the following properties:
Thus, if a quasi-functor G : Perf -Γ Ñ Perf -X satisfies property (V), then the algebra Γ goes to a vector bundle E 1 under such a geometric realization.
The following proposition gives us an inductive step of a general construction.
Proposition 5.2. Let pΓ, eq be a basic well-formed quasi-hereditary algebra with indecomposable projective modules Π 1 , . . . , Π n . Let Γ l for l " 1, . . . , n be the algebras of endomorphisms
Suppose there exist a smooth projective scheme X k`1 and a quasi-functor G k`1 : Perf -Γ k`1 Ñ Perf -X k`1 that satisfies property (V). Then there are a smooth projective scheme X k and a quasi-functor G k : Perf -Γ k Ñ Perf -X k that also satisfies property (V). Moreover, the scheme X k -PpF k q is a projective vector bundle over X k`1 , and the restriction of G k on the subcategory Perf -Γ k`1 Ă Perf -Γ k is isomorphic to Lp˚¨G k`1 , where p : PpF k q Ñ X k`1 is the natural projection.
Proof. Consider the quasi-functor G k`1 : Perf -Γ k`1 Ñ Perf -X k`1 . By Proposition 4.5, we can identify the DG category Perf -Γ k`1 with the DG subcategory U k`1 Ă Perf -Γ that is generated by the standard modules ∆ k`1 , . . . , ∆ n . Consider the quasi-functor G k`1 as a quasi-functor from
Since G k`1 satisfies property (V), the standard modules ∆ k`1 , . . . , ∆ n go to line bundles L k`1 , . . . , L n , respectively. The DG subcategory of Perf -X k`1 that is generated by the line bundles L k`1 , . . . , L n is quasi-equivalent to U k`1 and the quasi-functor G k`1 establishes this quasi-equivalence.
Any module M P Filtp∆ k`1 , . . . , ∆ n q goes to a vector bundle under the functor G k`1 " H 0 pG k`1 q. Take now the projective module Π k and consider the short exact sequence
By the definition of a quasi-hereditary algebra, the module Θ k belongs to Filtp∆ k`1 , . . . , ∆ n q. The algebra Γ is well-formed and, hence, there is a module Ψ k P Filtp∆ k`1 , . . . , ∆ n q such that the (13) we denote by ψ k : Θ k Ñ Ψ k the composition of π k with the natural inclusion of Θ k into Π k . By Proposition 4.5, the DG category U k Ă Perf -Γ is quasi-equivalent to a gluing pt i Using (14) as the resolution for the standard module ∆ k , we obtain the following quasi-isomorphism of left DG U k`1 -modules:
where Υ k P U k`1 is the complex tΘ k ψ k ÝÑ Ψ k u concentrated in degrees´1 and 0.
Consider the vector bundle G k`1 pΘ k q. The morphism ψ k induces a map G k`1 pψ k q between the vector bundles G k`1 pΘ k q and G k`1 pΨ k q and also a map G k`1 pΨ k q _ Ñ G k`1 pΘ k q _ between the dual vector bundles. By assumption (3) of (V) and its consequence (3'), there is a surjection
Denote by F the vector bundle on X that is dual to the kernel of this surjection. We obtain the following exact sequence of vector bundles on X k`1
Since the line bundle N belongs to the orthogonal K G k`1 pU k`1 q, we obtain quasi-isomorphisms of left DG U k`1 -modules
Taking m sufficiently large, we can assume that the rank of F is greater than 2. Let us consider the projective bundle p : PpFq Ñ X k`1 and denote it by X k . There are natural exact sequences on X k of the following form:
where O X k p´1q is the tautological line bundle, and T X k {X k`1 , Ω X k {X k`1 are the relative tangent and the relative cotangent bundles, respectively. We have Rp˚O X k p1q -F _ and Rp˚O X k p´1q " 0.
Denote by r L i the pull back line bundles p˚L i for i " k`1, . . . , n and consider the DG subcategory Ă U k`1 Ă Perf -X k that is generated by these line bundles. Since the functor Lpi s fully faithful, the DG category
. . , r L n form a full exceptional collection in the homotopy category V " H 0 pV q and the category V Ă Perf -X k is admissible.
By Proposition 3.4, the DG category V is quasi-equivalent to a gluing pt i
There is the following sequence of quasi-isomorphisms of left DG U k`1 -modules
Thus, by Proposition 3.5, we obtain that the DG category V -pt i
. By Proposition 4.5, these DG categories are also quasi-equivalent to Perf -Γ k . Therefore, we obtain a quasi-functor G k : Perf -Γ k Ñ Perf -X k that establishes a quasi-equivalence between Perf -Γ k and V . By construction, conditions (1) and (2) of (V) hold for the quasi-functor G k .
Finally, we have to show that condition (3) also holds for an appropriate line bundle r N on X k .
Choosing r N as a line bundle of the form O X k p1q b p˚R bs , where R is an ample line bundle on X k`1 and s is sufficiently large, we can guarantee that condition (3) will hold. Indeed, since the rank of F is greater than 2, the line bundle r N belongs to K G k pPerf -Γ k q. Moreover, for k ă i ď n we have isomorphisms
Additionally, for the line bundle r L´1 k b r N we also have
Taking a sufficiently large s, we obtain vanishing of all cohomology for j ą 0, by Serre vanishing Theorem, and can guarantee that all these bundles are generated by global sections on X k . Since the natural maps p˚F _ Ñ O X k p1q and p˚S 2 pF _ q Ñ O X k p2q are surjective, condition (3) of (V) also holds for the quasi-functor G k .
We can also give a precise construction of the vector bundles on X k that are the images of the projective modules under the functor G k . Denote by P k`1 , . . . , P n the vector bundles on X k`1 that are the images of the projective modules Π k`1 , . . . , Π n P Filtp∆ k`1 , . . . , ∆ n q under the functor G k`1 . Under the functor G k these projective modules go to the vector bundles Ă P i " p˚P i . Let us construct the vector bundle P k which is the image of Π k . Consider the sequence of isomorphisms
The element e P Ext
pF, G k`1 pΘ k qq, which defines the short exact sequence (15), gives some element e 1 P Ext
The element e 1 induces the following extension
that can be considered as the definition of the vector bundle r P k . Finally, the algebra Γ k itself goes to the vector bundle r E k " À n i"k r P i under the functor G k .
Proposition 5.2 as an induction step implies the following theorem.
Theorem 5.3. Let pΓ, eq be a basic well-formed quasi-hereditary algebra. Then there exist a smooth projective scheme X and a quasi-functor G : Perf -Γ Ñ Perf -X such that the following conditions hold:
1) the induced homotopy functor G " H 0 pGq : Perf -Γ Ñ Perf -X is fully faithful;
2) the standard modules ∆ i go to line bundles L i on X under G;
3) the scheme X is a tower of projective bundles and has a full exceptional collection.
Proof. The proof proceeds by induction on n. The base of induction is n " 1 and Γ " k. In this case X " P 1 , the quasi-functor G sends Γ to O P 1 , and N " Op1q. The inductive step is Proposition 5.2. By construction, the scheme X is a tower of projective bundles and, hence, has a full exceptional collection.
Remark 5.4. Let us note that the property of a quasi-hereditary algebra Γ to be well-formed is essential. Indeed, consider the algebra of the quiver Q " p ‚ a / / ‚ b / / ‚ q with the relation ba " 0 as in Remark 4.9. This algebra is quasi-hereditary but not well-formed in the case when the standard modules are the indecomposable projective modules. It is easy to see that we can not find a geometric realization for which the standard modules go to line bundles. Indeed, any non-zero morphism of line bundles on a smooth irreducible projective scheme is an isomorphism at the generic point and this contradicts the fact that ba " 0.
Auslander construction and geometric realizations of finite dimensional algebras.
Now we will discuss geometric realizations for an arbitrary basic finite dimensional algebra.
Let Λ be a basic finite-dimensional algebra over a field k. Denote by r the Jacobson radical of Λ. We know that r N " 0 for some N. Define the index of nilpotency of Λ as the smallest integer N such that r N " 0. The following amazing result was proved by M. Auslander.
Theorem 5.5. [Au] Let Λ be a finite-dimensional algebra with index of nilpotency N. Then the finite-dimensional algebra r Γ " End Λ p À N p"1 Λ{r p q has the following properties: 1) gl. dim r Γ ď N`1;
2) there is a finite projective r Γ -module Π such that End r Γ pΠq -Λ.
The algebra r Γ is usually not basic, even if the algebra Λ is basic. Indeed, since Λ is basic, each non-projective indecomposable summand occurs in a direct decomposition of À N p"1 Λ{r p with multiplicity 1, whereas each indecomposable projective Λ -module of Loewy length l occurs with multiplicity N´l`1. If we delete the repeated copies of the indecomposable projective summands of À N p"1 Λ{r p , one obtains a module whose endomorphism ring is basic and Morita equivalent to r Γ.
Let us describe it more precisely.
Let us denote by tf 1 , . . . , f m u a complete sequence of primitive orthogonal idempotents of the basic algebra Λ so that ř m j"1 f j " 1. Let P j " f j Λ with 1 ď j ď m be the corresponding indecomposable projective Λ -modules and let S j " P j {P j r be the simple right Λ -modules. The quotient algebra Λ " Λ{r is semisimple, and it is isomorphic to À m j"1 S j as Λ -module. Moreover, since Λ is basic, the algebra Λ is isomorphic to kˆ¨¨¨ˆk looooomooooon m .
We will choose a linear order on the set of idempotents tf 1 , . . . , f m u such that LpP k q ě LpP l q, when k ď l. Here LpP j q denotes the Loewy length of the projective module P j , i.e. the minimal positive integer i such that P j r i " 0. Consider the finite set T consisting of pairs pj, lq with 1 ď j ď m and 1 ď l ď LpP j q. The cardinality of T is equal to n " ř m j"1 LpP j q. With any element t " pj, lq of T we associate the Λ -module M t -P j {P j r l . We introduce a linear order on T by the following rule: t 1 " pj 1 , l 1 q ă t 2 " pj 2 , l 2 q if and only if l 1 ě l 2 and j 1 ă j 2 in the case l 1 " l 2 . In particular, we have isomorphisms M 1 " P 1 , while M n " S m .
Consider the Λ -module M " À tPT M t and denote by Γ the algebra of endomorphisms End Λ pM q. Since all the modules M t are indecomposable and non-isomorphic to each other, the algebra Γ is basic. Its complete set of primitive orthogonal idempotents te 1 , . . . , e n u is in bijection with the set T and has a linear order introduced above. We fix this linear order and denote it by e. The Λ -module M gives a standard functor between the abelian categories of modules Hom Λ pM,´q : Mod-Λ ÝÑ Mod-Γ that is left exact. For a Λ -module N we denote by p N the Γ -module Hom Λ pM, N q for shortness.
Since the Λ -module M is a generator in the abelian category Mod-Λ, for any two Λ -modules N 1 and N 2 the canonical map (17) Hom Λ pN 1 , N 2 q by a nontrivial morphism M t 1 Ñ S j , on the one hand. On the other hand, it can be lifted to a map Π t 1 Ñ Π t " x M t because Π t 1 is projective. Therefore, the map M t 1 Ñ S j should go through a map to M t . Hence, in this case l 1 ě l. Thus, for any t " pj, lq and t 1 " pj 1 , l 1 q we obtain Hom Γ pΠ t 1 , ∆ t q "
$ & % k, if j 1 " j and l 1 ě l, 0, otherwise.
In particular, we obtain that dim k ∆ t " LpP j q´l`1, for t " pj, lq. Moreover, the sequence 0 Ă ∆ pj,LpP jĂ¨¨¨Ă ∆ pj,1q " p S j with ∆ pj,lq {∆ pj,l`1q -Σ pj,lq ,
where Σ pj,lq are the corresponding simple Γ -modules, gives a composition series for p S j -Π s -∆ s ,
where s " pj, 1q. This implies that any simple quotient of a standard module ∆ t is only Σ t , and any submodule of the standard module ∆ t with t " pj, lq is isomorphic to a standard module ∆ t 1 where t 1 " pj, l 1 q with l 1 ě l. As a consequence, we also obtain that for any t " pj, lq the kernel Ξ t of the canonical morphism from ∆ t to the corresponding simple module Σ t is isomorphic to the standard module ∆ t 1 with t 1 " pj, l`1q. Hence, taking into account the composition series (19), we see that Ξ t -∆ t 1 belongs to the subcategory FiltpΣ 1 , . . . , Σ t´1 q. Thus, condition 1) of Definition 4.2 holds.
To prove that the algebra Γ is quasi-hereditary, we have to show that the modules Θ t belong to the subcategories Filtp∆ t`1 , . . . , ∆ n q. Let us prove that any Γ -module of the form p N belongs to the subcategory Filtp∆ 1 , . . . , ∆ n q. We proceed by induction on the length of a Λ -module N.
The base of induction are the simple modules S j : and we already know that p S j are standard by themselves. Consider an exact sequence 0 ÝÑ N 1 ÝÑ N ÝÑ S k ÝÑ 0 coming from a composition series of N. By induction hypothesis, the Γ -module p N 1 belongs to Filtp∆ 1 , . . . , ∆ n q. Besides, the quotient module p N { p N 1 is standard as a nonzero submodule of p S k .
Thus, p N belongs to Filtp∆ 1 , . . . , ∆ n q too.
Let us consider the Γ -module Θ t " y M t r for t " pj, lq. We would like to show that Θ t belongs not only to the subcategory Filtp∆ 1 , . . . , ∆ n q but to the subcategory Filtp∆ t`1 , . . . , ∆ n q as well.
It is enough to check that any morphism from Π t 1 to Θ t " y M t r can be factorized through Π s with s ą t. The Loewy length of the Λ -modules M t r " P j r{P j r l is equal to l´1. Hence, any morphism from a projective module P k to M t r goes through the module P k {P k r l´1 . This implies that Θ t P Filtp∆ t`1 , . . . , ∆ n q. Thus, condition 2) of Definition 4.2 also holds, and the algebra pΓ, eq is quasi-hereditary with ∆ t , t P T as the standard modules.
Finally, let us check that Γ is well-formed. Consider the projective Γ -module Π t with t " pj, lq.
The canonical morphism P j {P j r l Ñ P j {P j r l´1 induces a canonical map π t : Π t Ñ Π t 1 , where t 1 " pj, l´1q. The calculation above shows that the natural map HompΠ t 1 , ∆ s q Ñ HompΠ t , ∆ s q is an isomorphism for any ∆ s , when s ą t. Since ∆ t`1 , . . . , ∆ n generate the subcategory U t`1 Ă Perf -Γ, the natural map HompΠ t 1 ,´q Ñ HompΠ t ,´q is an isomorphism on the whole subcategory U t`1 Ă Perf -Γ. Thus, Ψ t -Π t 1 , and the algebra pΓ, eq is well-formed.
The algebra Γ " End Λ pM q has finite global dimension, and the bounded derived category of finite Γ -modules D b pmod-Γq is equivalent to the triangulated category of perfect complexes Perf -Γ.
Consider the Γ -module Π " Hom Λ pM, Λq " p Λ. It is projective and is actually isomorphic to À m j"1 Π s j , where s j " pj, l j q and l j " LpP j q is the Loewy length of P j . Moreover, we have End Γ pΠq -Λ. Thus, the projective Γ -modules Π is a Λ-Γ -bimodule, and it gives us two functors Thus, the Λ-Γ -bimodule Π defines a quasi-functor R : Perf -Λ Ñ Perf -Γ, i.e. we have an ff-morphism of noncommutative schemes r : W Ñ V , where V " Perf -Λ and W " Perf -Γ.
The morphism r is the simplest and very important example of a smooth resolution of singularities of the noncommutative scheme V (see Definition 2.11).
Theorem 5.7. Let Λ be a basic finite dimensional algebra over a field k. Then there exist a smooth projective scheme X and a quasi-functor F : Perf -Λ Ñ Perf -X such that the following conditions hold:
1) the induced homotopy functor F " H 0 pFq : Perf -Λ Ñ Perf -X is fully faithful;
2) the indecomposable projective modules P i go to vector bundles P i on X under F, and the rank of P i is equal to dim k P i ;
Proof. The quasi-functor F can be defined as the composition of the quasi-functor R : Perf -Λ Ñ Perf -Γ defined above and the quasi-functor G : Perf -Γ Ñ Perf -X constructed in Theorem 5.3.
Thus, conditions 1) and 3) hold. Moreover, the indecomposable projective Λ -modules P i go to projective Γ -modules under the quasi-functor R, and after that they go to vector bundles which will be denoted as P i .
Let us consider the Γ -module Π which as a Λ-Γ -bimodule defines the quasi-functor R. It is the direct sum À m j"1 Π s j , where s j " pj, l j q and l j " LpP j q is the Loewy length of P j . We have isomorphisms RpΛq -Π, while RpP i q -Π s i . Property (18) implies that Hom Γ pΠ, ∆ t q -k for any t P T. Since the standard modules go to line bundles under the quasi-functor G, for any Γ -module N P Filtp∆ 1 , . . . , ∆ n q the rank of the vector bundle GpN q is equal to Hom Γ pΠ, N q. In particular, we obtain the following equalities:
rk FpP i q " rk GpΠ s i q " dim k Hom Γ pΠ, Π s i q " dim k Hom Λ pΛ, P i q " dim k P i .
Thus, condition 2) also holds.
In the case when the base field k is algebraically closed any finite dimensional algebra is Morita equivalent to a basic finite dimensional algebra. This means that any finite dimensional algebra A is isomorphic to End Λ p À m i"1 P 'k i i q, where Λ is basic and P 1 , . . . , P m is the complete set of indecomposable projective Λ -modules. Therefore, we have the following corollary.
Corollary 5.8. Let k " k be an algebraically closed field. Then for any finite dimensional kalgebra A there exist a smooth projective scheme X and a vector bundle E on X such that End X pEq -A and Ext l X pE, Eq " 0 for all l ą 0. Moreover, such X can be constructed as a tower of projective bundles, and rk E ď dim k A.
Remark 5.9. There are many reasons to believe that the assertion of Theorem 5.7 also holds for an arbitrary algebra with one refinement: the variety X can not be chosen to be a tower of projective bundles anymore, but an appropriate twisted form of such a variety, i.e. becomes isomorphic to a tower of projective bundles after an extension of the base field.
